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PROBLEMS 



















0.64-1 (e±-3±).2l 

41. Compute 

[ 41 1-(i4- 5 I)(i0t- 7 !)J :22 rs 

42. Com pule 

r (c-4 7 ) .0.003 — (°' 3 1;621+17.81:0.0137 

L[(4- 2 - ,i5 ) 4 j4 (l«8+2 rs ). T J 

43. Compute x, ii 

r 4 . r O , O / 0 r,> (2.3 + 5:6.25).711 _ 4 1 

J 7 ' + —8 0.0125+o.iTJ / ~ 1 14 . 

44. Compute x. if 

[( 4 - ti25 -T§-|i) :x+(2 - 5:1 - 25):(i - 75 ] :1 l 17 

(i-_0.375):0.125+(-|--^) :(0.35ft—1.4796:13.7) 27 


ALGEBRAIC TRANSFORMATIONS 

Simplify the following expressions : 

46. (<r- b-~c'-+ 2bc ): 

Evaluate the result at a = 8.6; 6 = 1^3; c = 3-g- 








ProbUms 


63. t=/T/(«*- 2ttb + 6 ‘) <“ 2 - fcS > (“+ 

64. v / 8*(7 + 4l/3)X2^6i-4^2i 

65. (a4'l)(a 2 —1)(1 H-2«T ai )-( 

cc 1/^* (i + a) v 14 -0 i/" T/3 

66. f/ -- K 9 + 18n-»+9 a-^ 

67. ab y <i 1 - n b- n - a-fi 1 '" J/ (a— b)' 1 

<*■ iwr, + vh-T^t)< v,s - n) _ 

69 ' ( y-a-yT^b + y,+v« + fc) : ( 1 + V^S^fc) 
_ , j 1 x K If a ~ z b~ l 

‘ ' l fc_y; ' b+y'a ) ' <r*—rUr* 

f £=--/& “ 

72. Evaluate the expression 
j; -yFiy^n 
n+V^-iVP^ 

at x=4(«~i), »=4( 6 4) 

73. Evaluate the expression 

l/rpte+y^zs; 

y a~\~bx — ~\/ a — bx 

Simplify the following expressions : 



Chapter If. Algebraic Transformations 


and m >°< 0<n<i. 

. r a—**)'*+< , r «-**>"* 


= 2k?{l+ky 1 and k>\. 

>• yiSfer 


. (2/F 


=) 


(j2 a -2 —4-}_4 fl 2 ar - 2 ) ^ 


„ i v«±vl y *, 6 ( vl+h y 1 

V 26 ~y/g * _ V 2a yi / 

(i+vl.)- 1 + (i±^L)- 1 

> y 2 { V^-V* \- 

v y—x ys+yw \ Va+z y-a--\/z) 

’• T(K^+y=-)+T'TfySr 


B1 . 2 a + y*>-l(l + ^)- i+ y_l-i 

82. Compute 

[ a "*fc(a&'’f V" 1 )" 5 ] 

“*■ *-?T 

83. Evaluate the expression 

(o+l)- l + (h+lr l 

a = (2 + y3)' 1 and fr = (2-V3)- 1 . 



Proble 


Simplify the following expressions: 

84- x- yjrr® - x +y&-4x 

85 n±ZVV*^i , n+2-V^=± 

85- n + 2-V*=i *+Z+V*-* 




37. _£!+jL:__i_; 88. (2^ + 27^):[ (y) 2 + 3/] 

z + x* + l 

89. Prove the identity 


+ t S . a~*V~b 
| ’ aVa—bYb 


i a = 1.2 and 6=4. 


Simplify the following expressions: 

91. [(J + $) {J +56*) _ (J + 26^) (J- 26?)]: (2a + 3<W) 

Evaluate the result at a = 54 and 6 = 6. 

92 f (°+t)~ *r+i(«+tr »i 1 

l(«+»f *+<•-»)" *1 *-[<«+«“ 5 -(«-6) 2 ] * 

- i _1_ (1 — B») 2 + a»(l— a 2 ) f 







(^-x2)[l+( ^ . ±- J 

i. ( P 2 + g 2)-» (p-» +q -l) + (p~ 2 + g~2) 

_ (p 5 +« 2 > 

, r(« + V^:U + V« z )-l 

• L 

• [ (Vi +1 )3_aV; + 2 J ’ 

,0. [ {a - b) /B* + a- b ][ ( a- »)(/l±|-l)] 

“■ 

12. (a+ (J :]/«)*( 




“• ( i T^ +J # £ )'V 1 + 2 /'?H 


106. 1 a-b*)V3-by3ir=W V2a-V2c_ 

K2(a-» 2 ) 2 + (2*V2i) 2 

107. l + [(J-J)Vs]*} 





108. [{y~i-VW l +iy *+v / «)'T; 4 yi+lyf 

109. [ + fr'S]* + 4 (x +1) + ( 3 /^7S + l) 2 

110. / iJ ^-r—r-rj -(-fell) 

111 . + 

112 . [ ( pc +V 3a * x + 3ax '+^ :a 

U3. [- ,(. V=+ VS>;-(» Vg — (a l-^) (a i + ^)-»] ; 

L “ a 2 + * 5 



119. [(^«- 3 A) 2 + 3 (^5 + ^i) 2 ] 

120. [ ( ytlf'i +al/b):(a + yHW) - l/b\ 












i_ Problems ___ 

165a. Solve the equation 

(1 +**)* = 4x (1 - x*) 

166. Write a quadratic equation, whose roots are 



167. Set up a quadratic equation, whose roots are 

_____ an j _____ 

168. Write a quadratic equation, whose roots are 

Ya±ya—b 

169. The roots x, and x 2 of the quadratic equation 

at* + px + 12 = 0 

possess the following property: Xj — x 2 = 1. Find the coefficient p. 

170. In the equation 

5x* — kx + 1 = 0 

determine k such that the difference of the roots be equal to unity. 

171. The roots x t and x 2 of the equation 

x* — 3ax + a* = 0 

are such that x J+ atj = 1.75. Determine a. 

172. In the quadratic equation 

x* + px + j = 0 

determine the coefficients such that the roots be equal to p and g. 

173. The roots of the quadratic equation 

ax* + bx + c = 0 



equation, whose roots 





Problems 


x+y*a+* x--[/x*+x 

2 1 

— ~[/4— x 2 


' 2 + 1/4-x2 

, V 2 v 7 + KJ -Kzj/7 - = *^28 

v ^+75_ 1 ^z7i=|/=^: 

i V274-^+V27 -x 27. ,„ 7 

V27+^-y2r=i _ ^’ 1 ^ 

! y!+«-»**-»■-» i. 199 yr+^- a x 
yt + «-»*»+x«-‘ 4 ’ yi + a2x2+ax 

I x + e+yx 2 —c 2 9(x + c) 


. jA + 3-4y*-l+lA + 8-6y:t-l = l 

!. 2 ya + .r+ya—x = ]/a — i + /i(h + j) 

I. ya 2 —.r + y& 2 — x = a + 6 
i. y+y^n= v^n 
i. yj+7 =a -yy,' 206. 3^±I+ ¥E±L= yi 
yi + /'5 = 12; 208. (*-!)*+ 6 (*-!)*-16 


y' 15 - 2 i -9 
= y"i2(x-i) 

-x-^a + 6-2x 

j-2,y? = 3; 213. 2,yl 2 -3/l-20 

'• I' 7 ^ 2l °-/W-/M-r 2 

X- 2 hll+ypm = 42; 217. x £k ~- 1 _ 


-x+y*- 





Algebraic Equatio 


Chapter III. 



222. Vx 2 — 3r + 5+a* = 3r + 7 


223. y&r' + Sx — 8—/3x s + 5x + l = l 

224. /y* + 4y + 8 + >'y s + 4y4-4 = K2(y 2 + 4y + 6) 


Solve the following systems of equations: 

lx 2 + y 3 = 2(xy + 2) <x+xy + y=lt 

225- { * + y = G 226. ( ^ + ly2 = 3 0 

(* + »* = 


227. ■ 


xy 2 


= 12 


228. 


f (a:* — tf 2 ) ari/ = 180 

U 2 -*y-y 2 = -11 

p+y 4 =-§■**' 

1 *-y=\*y 

fx 2 —xy + y 2 =7 


(x 2 -y = 22 
\ x*y = 50 

(3a 2 —2xy + 5y 2 — 35 = 0 
'■ \ 5x 2 — 10j/ 2 —5 = 0 

rx s + xy + i/ s = 13 
2 ' \ x + y = 4 


j(-rr-(i) n =‘ 

i(*n*r-- 

>sitive solutions only, ; 


re real solutions only. 
Ixy (x y) = 30 


isuming that o>0, 6>0, 


f ^+y J =7 
\xy(x+y)=-2 


f— 

39. < *“ 




28 

240. ■ 

Problen 

r i+j+z=l f 

ax + by + cz = d 241. i 

x -j* 2y -f- 3 z -|- 4u — 30 

2x — 3y -f 52 2 u = 3 

3z-f 4y—2z—u= 1 


[a 2 i + 6 a y + A=d 2 [ 

4x—y-\-6z—3u — 8 


(• x+y+z= 4 ( 

V4x + y- 3z+7 = 2 

242. • 

Jx + 2i/ + 3z = 5 243. < p 

' 2y + 5x + z + 25.5 = 3 


U a +Jl 2 + 2 a = 14 

^jf + z—K6 x = 0 


f x + y+z = 13 (• 

x a + <r=z 2 

244. • 

x a +y a +s a = 61 245. { , 

x?+yz+z* = 47 


I xy + xz=2yz l(j 

— x)(z-y) = 2 


fa 3 + a a x + ay + z = 0 


246. < 

&» + & a x + 6j, + 2 = 0 247. 


l.C 3 +C 2 X+Ctf+2=0 


248. I 

x + !,-2K^ = 4 


1 

249. \ 

x + j/ = 10 

f/^-2 + /^ = < 

3 


[ xy — 54 =: 

r + l/ 

250. | 

|i/F+p-±^T7 = 0 


251. | 

ll 

X + 


[/^-.+_J/ Xi _y2 = (|/41 

-3)a 

252 | 


253 1 ^ + xy+,/^U 


x 4 —y 4 = 144a 4 

• {a: 4-)/ ary-f-y == 14 

253a. 

Find all the values ol m ] 

for which the system of equa- 

TL 

x-j/ = m(l + xy) 

+ F+*ff = 0 

solutions. 




Chapter IV. Logarithmic and Exponential Equations _29 


LOGARITHMIC AND EXPONENTIAL EQUATIONS 
Determine x without using logarithmic tables'. 

254*. i -f-10 • 100® l ° s 9_1ob 2 ; 255. j: = 1002' l ° s * * 

256. X = V^ )0 2+ 2 1OBl *. 257< a , = 49 l-l„g,2 + 5 -la8 S 4 


Solve the following equations: 

258. log*log 3 log 2 x = 0 

259. log, {1 + lo g6 11 + log c (1 + log, i)]} = 0 

260. log* {2 log, [1 + log 2 (l + 3 log, i)l} = 1 

261. log 2 (z +14) + logs (z + 2) = 6 

262. log, y + log, (g + 5) + log. 0.02 = 0 


263. =3 

264. l+logi=jlog 


265. log[x-fl(l-o)"5]—j-log(l + v)- 

- log y r t±^~ a^O 

266. log*K5 !-log*(5z)—2.25 = (log* 1^5)' 

267. log us x+log^x + log ^ x=^ 

268. log a x — log„2X + l°g «* x — 269. = (I-) 1 *" 3 

270. 7-3*«-5 x « = 3**‘-5" 3 ; 271. 0.125 - 4 aJ =~ 3 = 

* Throughout this book, the symbol log stands for tho logarithm to the 



Problems 


272. 0.5* s -2 2l + 2 = 64" 1 ; 273. 32*-’ = 0.25.128*- 3 

274 - (irar-$ 275 - [2(2^)^-]^=4 

276. 2(2>^+ 3 ) 2 * — v *p^¥ — 0 

277. 278.31og„=x + |log_ i _x=2 

279. log 4 (a; + 12) • log* 2 = 1; 280. log*(5x 2 )-Iog=x = 1 

281. 1 + a + a s + a 3 + ... + a x ~' + a 5 ‘=(l + a) (l+o 2 ) (1 + a 4 ) (• +“ s ) 

282. 5 2 .5 4 .5 c -...-5 w = 0.04- S8 ; 283. 4*- 2 -17-2*-*+1 = 0 
284 . 2-4 s * —17-4* + 8 = 0; 283.3 ^81 — 10^9 + 3 = 0 

log X+^ 

286. x 4 =10 lt >«*+ 1 

287. log (4->. 2 »'* -1) - 1 = log (V 2 »'*- 2 + 2) — 2 log 2 

288. 2 (log 2-1) + log(5 ** +1) = log (5‘~ ^ + 5) 

289. 5 |0B 1 — 3 l0B x1 = 3 loe * +l — 3 los * _1 

290. £ 210 « 1 *-‘- 510B * = l' r iO; 291. log(64^S? 5 ” 55 *) =0 

292. logs (9 — 2*) = 3—x 

293. log 2 | log (4*-* + 9) = 1 + log (2**‘ +1) 

294. 2log2+ (l +4;) log3-log(/I+ 27) =0 

295. log(3 , ' 4 *+ r -2 4 ' ,/4 *+ t )- 2 = i log 16 - J/x + 0.25 log4 



297. log 5 120 i (x — 3) — 2 log s (1 — 5*” 3 ) = - log s (0.2 - 5*' 1 ) 


Solve the following systems of equations: 

t 8 s *“=32-2*»- 1 [ l°g3 1 + logs 9—0 

298 - {n.5- = 725^ 2 "-{ x +1/ = 3. (3) 



Chapter IV. Logarithmic and Exponential Equations 


300. 

302. 

304. 

305. 


f logs x + log, y = 2 goi f log(x 2 + y ! )-l = logl3 

UogfcX —logi,y = 4 ■ I log(x , y) — log (x — y) = 3log2 

flogw (*—y) = l 303 /logo (l + y) = 2— log a y 
llogx„(x + y) = 0 ‘ llogi, x 4- log, g = 4 

f logo x + log, y + Ioga 4 = 2 + log, 9 
\ x+y — 5a = 0 

j xy = a 2 f 3*-2 l '= 576 

flog 5 x+ log 2 j/ = 2.5log 5 (a 2 ) ‘ (loggj (g—*) = 4 


f log x + log j = logo 
\2(logx—logy) = log& 


flog a x + log a sg = j 
(log t ,!x + log ll y = |- 


309. 


\ logo X + logo! y = y 310 I logo U + Iog u V 
[log 6 jX —log6!»= 1 l + 0 = 

( x 2 + xg + jf 2 = a 2 


-2 

■■ 12 


311. 

312. 


| lo gys +logyi Vb ■■ 


f log, x — log 2 y = 
l x 2 — 5g 2 + 4 = 


1/3 

C logj x + log, y + log t z = 2 
S logs y + logo 2 + logo x = 2 
Uog4 2 + log,e x + log,, y » 2 


314. 

315. 


318 . 


l(x + y)2'" J[ = 3 

|VKFV^ = ^8 

Uog(x + jr) =log40—log(x— y) 

(^ = 32^8" 3J7 f 9-‘/F-27/27-» = 0 
l/F=3 ^9‘“" ’ \log(x-l)-log(l_ s ) = 0 

f^logx + Ylogy—log(4-]/'i)=0 

310. T' 

l (25125.5 Vt =0 4 logy bx —q 





PROGRESSIONS 
Notation and formulas 

a, = first term of arithmetic progression 
a n — nth term of arithmetic progression 
d = common difference of arithmetic progression 
u, = first term of geometric progression 
u„ = nth term of geometric progression 
q = common ratio of geometric progression 
S„ = sum of the first n terms of a progression 
S = sum of infinitely decreasing geometric progression 


Formulas for arithmetic progression 

a„ = a, + d(n — 1) 


Formulas for geometric progression 

n.-urf- 1 ('*) 

s„ = ^Er- <«> 1) « Sn - (q < 1) (5) 

S„ - 1 (?>1) or s »‘= (?< 1) ( fi ) 

S== T=T (7) 

ARITHMETIC PROGRESSION 

320. How many terms of the arithmetic progression 
5; 9; 13; 17; . . . 

is il necessary to take for their sum to equal 10,877? 


321. Find an arithmetic progression, if the sum of its first four 
terms is equal to 26, and the product of the same terms equals 880. 




Problems 


336. Determine a geometric progression in which 

«i + «2 + u s + “4 + «5 = 31 

nd 

« 2 + «3 + «4 + «5 + u 6 = 63 


337. A geometric progression consists of five terms; their sum less 
the first term is equal to 19 i, and that less the last one equals 13. 
Compute the extremes of the progression. 

338. Find the first term and common ratio of a geometric progres¬ 
sion consisting of nine terms, such that the product of its extremes 
is equal to 2304, and the sum of the fourth and sixth termsj?quals 120. 


of 


these numners. 

340. A geometric progression consists of an even number of terms. 
The sum of all the terms is three times that of the odd terms. Deter¬ 
mine the common ratio of the progression. 


INFINITELY DECREASING GEOMETRIC PROGRESSION 

341. Prove that the numbers 


VUl . 4; ... 


constitute an infinitely decreasing geometric progression and find 

342. Compute the expression 

(4 V 3 i-S) [V3 (1-3 — 2) +*=*& + &=*+ ...] 

after proving that the bracketed addends are the terms of a decrea¬ 
sing geometric progression. 

343. Find the sum of the terms of an infinitely decreasing geo¬ 
metric progression in which all the terms are positive, the first 
term is i, and the difference between the third and fifth terms is 


344. Determine the sum of an infinitely decreasing geometric 
progression, if it is known that the sum of its first and fourth terms 
is equal to 54, and the sum of the second and third terms, to 36. 



345. In an infinitely decreasing geometric progression the sum 
of all the terms occupying odd places is equal to 36, and that of all 
the terms at even places equals 12. Find the progression. 

346. The sum of the terms of an infinitely decreasing geometric 
progression is equal to 56, and the sum of the squared terms of the 
same progression is 448. Find the first term and the common ratio. 

347. The sum of the terms of an infinitely decreasing geometric 
progression is equal to 3, and the sum of the cubes of all its terms 
equals ^. Write the progression. 

348. Determine an infinitely decreasing geometric progression, 
the second term of which is 6, the sum of the terms being equal to — 
of that of the squares of the terms. 

ARITHMETIC AND GEOMETRIC PROGRESSIONS 

349. The second term of an arithmetic progression is 14, and the 
third one 16. It is required to set up a geometric progression such 
that its common ratio would be equal to the common difference of 
the arithmetic progression, and the sum of the first three terms 
would be the same in both progressions. 

350. The first and third terms of an arithmetic and a geometric 
progressions are equal to each other, respectively, the first terms 
being equal to 3. Write these progressions, if the second term of the 
arithmetic progression exceeds by 6 the second term of the geometric 
progression. 

351. In a geometric progression the first, third and fifth terms 
may be considered as the first, fourth and sixteenth terms of an 
arithmetic progression. Determine the fourth term of this arithmetic 
progression, knowing that its first term is 5. 

352. Three numbers, whose sum is equal to 93, constitute a geo¬ 
metric progression. They may also be considered as the first, second 
and seventh terms of an arithmetic progression. Find these numbers. 

353. In an arithmetic progression the first term is 1, and the sum 
of the first seven terms is equal to 2555. Find the medium term 
of a geometric progression consisting of seven terms, if the first 
and the last terms coincide with the respective terms of the indicated 

354. The sum of the three numbers constituting an arithmetic 
progression is equal to 15. If 1, 4 and 19 arc added to them, respecti¬ 
vely, wo will then obtain three numbers forming a geometric progres¬ 
sion. Find these numbers. 



jeometric progressio 
3 is equal to 26, ai 
spectively, three ne 





366. In the expansion of ^ i 2 + •“) the coefficients at the fourth, 

and thirteenth terms are equal to each other. Find the term con¬ 
taining no x. __ 

367. Find the medium term of the expansion of \' —) , 


if it is known that the coefficient of the fifth term is to the 
coefficient of the third term as 14 to 3. , , , , 

368. The sum of the coefficients of the first, second and third 
terms of the expansion of (x s + —) is equal to 46. Find the term 


containing no x. 

369. Find the term of the expansion of the binomial (x]/ x +*/ z) 

which contains **, if the sum of all the binomial coefficients is 
equal to 128. , 

370. Find the sixth term of a geometric progression, whose first 
term is — and the common ratio is the complex number (1 +'/). 

371. Find the seventh term of a geometric progression, whose 
common ratio is (l-f-4-), and the first term, t. 

372. At what value of n do the coefficients of the second, third 
and fourth terms of the expansion of the binomial (1 + x) n form 
an arithmetic progression? 

373. The coefficients of the fifth, sixth and seventh terms of the 

expansion of the binomial (1 + x)" constitute an arithmetic pro¬ 
gression. Find n. . _ t 

374. In the expression ^+ a *jXa*' 1 ) determine x such 
that the fourth term of the expansion of the binomial be equal to 

56 “ 55 - _ 4 . 

375. In the expression (2 ^2~ l + jr^-) determine x such that 

the third term of the expansion of the binomial be equal to 240. 

376. Determine x in the expression (^2 + ^=-)*, if in the 
expansion of the binomial the ratio of the seventh term from the 
beginning to the seventh term from the end is equal to -jr. 

377. Find the value of x in the expression (x -f x l °s *) 6 , the third 
term of the expansion of which is 1,000,000. 




Problen 


378. Find the value of x in the expression ^(Kir) l0 « * + 1 -f y^xj , 
the fourth term of the expansion of which is 200. 

379. In the expression (-p=-+x ,OB ^determine x such that 

the third term of the expansion of the binomial is equal to 36,000. 

380. The sixth term of the expansion of the binomial 

( . + '“g*) 8 is 5600. Find x. 

381. The ninth term of the expansion of the binomial 

[ Tt 7 piir +- 2 '^] 10 

is 450. Find x. 

382. Determine x t if the fourth term of the expansion of the 

binomial (lO 1 ^ 1* + ) ? is 3,500,000. 

383. Determine at what value of x in the expansion of the bino¬ 
mial (yfx -f ) ” the term containing i to a power twice as 


expansion of the binomial [V is 20 times greater 

than the exponent of the binomial, if the binomial coefficient of the 
fourth term is five times greater than that of the second term. 

385. Find out at what values of x the difference between the 
fourth and _sixth terms in the expansion of the binomial 
(^ + #f is et I ual to 56, if it is known that the exponent 

of the binomial m is less than the binomial coefficient of the third 
term in the expansion by 20. 

386. Find out at what values of x the sum of the third 

and fifth terms in the expansion of (]/~2*+ ■)"* is equal to 135, 

if the sum of the binomial coefficients of the last three terms is 
equal lo 22. 

387. Determine at what x the sixth term in the expansion of 
the binomial [l / 2 loe(ll) ~ 3 ' t) -f-i^ 1 2 <I " 2) ' I “ 83 ] m is equal to 21, if it 




Chapter VII. Algebraic and Arithmetic Problems 


is known that the binomial coefficients of the second, third and 
fourth terms in the expansion represent, respectively, the first. 

third and fifth terms of an arithmetic progression. 

388. Determine at what value of x the fourth term in the expansion 

of the binomial ^ ) « r { ^ 

is equal to 16.8, if it is known that « of the binomial coefficient 
LC third term and the binomial coefficients of the fourth and 
terms in the expansion constitute a geometric progression. 

389. Determine at what x the difference between the nine-fold 
third term and the fifth term in the expansion of the binomial 


[(/V 


fifth t 




Qg-+Vl-2) M 


{ _ „„„.i to 240 if it is known that the difference between the loga¬ 
rithm of the three-fold binomial coefficient of the fourth term and 
the logarithm of the binomial coefficient of the second teim in the 
expansion is equal to 1. 


ALGEBRAIC AND ARITHMETIC PROBLEMS * 


390. Find the weight of an artillery round, knowing that the charge 
weighs 0.8 kg, the weight of the projectile is equal to T of the total 
weight of the round, and the weight of the shell is-i- of the weight 


0, 3M r At"a'certain factory women make 35% of all the workers, 
the rest of the workers being men. The number of men exceeds that 
of women by 252 persons. Determine the total amount of workers. 


* Wp do not divide the problems into algebraic and arithmetic ones, since 
arithmetically solvable problems can always be solved algebraically, and vice 
tpr „ the nroblems which arc solved with the aid of equations may often have 
a si,iiolcr arithmetic solution. Under “Answers and Solutions” we sometimes give 
arithmetic and sometimes, algebraic solutions, but this should not at all lay 
any restraint on the student’s initiative as to the choice of the method of solution. 



Problems 


392. A batch of goods was sold for 1386 roubles at a 10% profit. 
Determine the prime cost of the goods. 

393. A factory sold 3348 roubles worth of goods at a loss of 4%. 
What was the prime cost of the goods? 

394. If 34.2 kg of copper is extracted from 225 kg of ore, what 
percentage of copper does the ore contain? 

395. Prior to a price reduction, a package of cigarettes cost 
29 kopecks. After the reduction, it cost 26 kopecks. What was the 
price reduction in percent? 

396. One kilogram of a commodity cost 6 roubles and 40 kopecks. 
The price was then cut to 5 roubles and 70 kop. What was the price 
reduction in percent? 

397. The raisins obtained in drying some grapes amount to 32% 
of the total weight of the grapes. What quantity of grapes must we 
take to obtain 2 kg of raisins? 

398. A group of tourists have to collect money for an excursion. 
If each pays in 75 kopecks, there will be a deficit of 4.4 roubles; 
if each pays in 80 kopecks, there will be an excess of 4.4 roubles. 
How many persons take part in the excursion? 

399. A number of persons were to pay equal amounts to a total 
of 72 roubles. If there were 3 persons less, then each would 
have to contribute 4 roubles more. How manv people were 
there? 

400. Sixty copies of the first volume of a book and 75 copies of the 
second volume cost a total of 405 roubles. However, a 15% discount 
on the first volume and a 10% discount on the second volume reduce 
the overall price to 355 roubles and 50 kopecks. Determine the price 
of each volume. 

401. An antique shop bought two items for 225 roubles and then 
sold them and made a profit of 40%. What did the shop pay for 
each item, if the first of them yielded a profit of 25% and the second, 
a profit of 50%? 

402. Sea water contains 5% (by weight) of salt. How many kilo¬ 
grams of fresh water should be added to 40 kg of sea water for the 
latter to contain 2% of salt? 

403. The hypotenuse of a right-angled triangle measures 3/5 
metres. Determine the legs, if it is known that when one of them 
is increased by 133-i- % and the other, by 16-|%, the sum of their 
lengths is equal to 14 metres. 

404. Two sacks contain 140 kg of flour. Each will contain one and 
the same amount, if we take 12.5% of the flour of the first sack 





Chapter VII. Algebraic 


and put it into the second. How many kilograms of flour does each 
sack contain? 

405. Two factories, A and B, undertook to fulfil an order in 12 days. 
After two days factory A was closed down for repairs, while factory B 
continued fulfilment of the order. Knowing that B has an efficiency 
of 66-|- % of that of A, determine in how many days the order will 
be completed. 

406. In a mathematics test, 12% of the students of a class did 
not solve the problems at all, 32% solved them with certain mista¬ 
kes, and the remaining 14 students obtained correct solutions. How 
many students are there in the class? 

407. A piece of a rail making 72% of the rail length is cut off. 
The remaining part weighs 45.2 kg. Determine the weight of the 
cut-off piece. 

408. A piece of a silver-copper alloy weighs 2 kg. The weight 
of silver comes to 14 y% of that of copper. How much silver is there 

ln 409l S Three e workers received a total of 4080 roubles for a job. The 
sums received by the first and the second workers stand in a ratio 
of 7 y to 1 y. The money received by the third worker is 43 y % of 
that of the ‘first. What was each worker paid? 

410. Three boxes contain 04.2 kg of sugar. The second box con¬ 
tains -i of the contents of the first, and the third contains 42 j % of 
what there is in the second box. How much sugar is there in each box? 

411. There is scrap of two grades of steel containing 5% and 40% 
of nickel. How much of each grade is required to obtain 140 tons 
of steel containing 30% of nickel? 

412. A piece of a copper-tin alloy weighing 12 kg contains 45% 
of copper. How much pure tin must be added to this piece to obtain 
a new alloy with 40% of copper? 

413. How much pure alcohol must be added to 735 grams of a 16% 
alcohol solution of iodine to obtain a 10% solution? 

414. A piece of a copper-zinc alloy weighing 24 kg was immersed 
in water and lost 2-2- kg in weight. Determine the amount of copper 
and zinc in the alloy, if it is known that in water, copper loses 11 -i- % 



Problc 


415. Rails are to be laid in a 20 km long section of a single-track 
railroad line. Rails are available in lengths of 25 and 12.5 metres. 
If all 25-metre lengths are used, then 50% of the 12.5-metre lengths 
■will have to be added. If all 12.5-metre lengths are laid, then 66 

of the 25-melre lengths will have to be added. Determine the number 
of rail lengths of each kind available. 

416. After the graduation exercises at a school the students exchan¬ 
ged photographs. How many students were there, if a total of 870 pho¬ 
tographs were exchanged? 

417. The geometric mean of two numbers is greater by 12 than 
the smaller number and the arithmetic mean of the same numbers 
is smaller by 24 than the larger number. Find the two numbers. 

418. Find three numbers, the second of which is greater than the 
first by the amount the third number is greater than the second, if 
wo know that the product of the two smaller numbers is equal to 
85 and the product of the two larger numbers equals 115. 

419. The number a is the arithmetic mean of three numbers, and b 
is the arithmetic mean of their squares. Express the arithmetic mean 
of their pairwise products in terms of a and 6. 

420. A rectangular sheet of tin with a perimeter of 96 cm is used 
to make an open-top box so that a 4-cm square is cut out of each 
corner of the sheet and the edges are soldered together. What is the 
size of the sheet used, if the box has a volume of 768 cm 3 ? 

421. Find a two-digit number, if the quotient obtained by dividing 
this number by the product of its digits is equal to 2-g- and, besides, 
the difference between the desired number and the number obtained 
bv reversing the order of the same digits is 18. 

422. Find a two-digit number, if we know that the number of 
units therein exceeds by two the number of tens and that the product 
of the desired number by the sum of its digits is equal to 144. 

423. Determine a certain positive integer on the basis of the fol¬ 
lowing data: if we adjoin the figure 5 on the right of it, the resulting 
number is exactly divisible by a number exceeding the desired one 
by 3, the quotient being equal to the divisor minus 16. 

424. Find two two-digit numbers having the following property: 
if we adjoin 0 followed by the smaller number on the right of the 
larger one, and adjoin the larger number followed by 0 on the 
right of the smaller one, then of the two five-digit numbers thus 
obtained the first number divided by the second yields a quotient 
of 2 and a remainder of 590. It is also known, that the sum of the 





speed of the cyclist. 

435. A fast train was held up by a red-light signal for 16 minutes 
and made up for the lost time on a 80-km stretch travelling 10 km/h 
faster than called for by schedule. What is the scheduled speed of the 
train? 

436. A train has to cover 840 km in a specified time. At the half- 
distance point it was held up for half an hour and so, in the remaining 
section of the route, it increased its speed by 2 km/h. How much 
time did the train spend en route? 

437. Two trains start out towards each other from points 650 km 
apart. If they start out at the same time, they will meet in 10 hours, 
but if one of them starts out 4 hours and 20 minutes before the other, 
they will pass each other 8 hours following the departure of the 
latter. Determine the mean speed of each train. 

438. Two trains start out at the same time from stations A and B 











the assignment is completed, it turns out that each typist has done 
half the work. How many hours would it take each one to do the 
whole job individually? 

465. Two trains start out from stations A and B towards each 
other, the second train leaving half an hour later than does the first. 
Two hours after the first train had started, the distance between the 
trains came to l, / 30 of the entire distance between A and B. The 
trains met midway between A and B. How much time would it 
take each train to cover the distance between A and B ? 

466. A rectangular bath 20 cm X 90 cm x 25 cm (a rectangular 
parallelepiped) is used to wash photographic negatives. Water flows 
in through one pipe and, at the same time, out through another 
pipe to ensure its constant agitation in the bath. It requires 5 minu¬ 
tes less time to empty the bath through the second pipe than it does 
tojfill it through the first pipe, the second being closed. If both pipes 
are open, a full bath will be emptied in one hour. Find the amount 
of water each pipe lets pass through in one minute. 

467. A construction job required the digging out of 8000 m 3 of 
earth in a specified time. The operation was completed 8 days ahead 
of time because the team of navvies overfulfilled their plan by 50 
cubic metres daily. Determine the original time limit for the 
assignment and daily overfulfillment of the plan in percent. 

468. A railway was being repaired by two teams of workers. 

Each repairid 10 km ill I i I that the second 

team worked one day less than did the first. How many kilometres 
of the track did each team repair per day if both teams together 
repaired 4.5 km daily? 

469. Two workers together did a job in 12 hours. If at the begin¬ 
ning the first worker had done half the assignment, and then the 
second had completed the other half, the whole job would have been 
done in 25 hours. How long would it take each worker to do the 
whole job individually? 

470. 1 wo tractors of different performance characteristics, working 
together, ploughed a field in t days. If at first one tractor had ploughed 
half the field, and then the other one had completed the other 
half, the ploughing operation would have been completed in k days. 
How many days would it take each tractor to plough the field indi¬ 
vidually? 

471. Three different dredgers were at work, deepening the entrance 
channel to a port. The first dredger, working alone, would have taken 
10 days longer to do the job; the second, working alone, would have 
required an extra 20 days, and the third dredger, working alone. 










freight train takes 35 seconds longer to pass the signal lignts mai 
does the passenger train. 

494 A freight train consists of four- and eight-wheel tank-car 
with oil. The train weighs 940 tons. It is required to determine thj 
number of the eight- and four-wheel tank-cars and also their weight 
if it is given that the number of the four-wheel cars is 5 more thai 
that of the eight-wheel cars; the eight-wheel car weighs three time 
as much as the four-wheel car and the net weight of oil (that is 
minus the weight of the cars) in all the eight-wheel cars is 100 ton 
more than the weight of all the loaded four-wheel cars. The eight 
V ...... _ /.n nf nil !inH the weioht. of the oil in thi 





Proble 


504. A man puts money in a savings bank and one year later 
earns an interest of 15 roubles. Having added another 85 roubles, 
he deposits the money for another year. After the expiry of this 
period the sum-total of the principal and its interest is 420 roubles. 
What sum of money was originally deposited and what interest 
does the savings bank pay? 

505. The output of machine-tool A is m% of the sum of the outputs 
of machines B and C, and the output of B is n% of the sum of the 
outputs of A and C. What is the percentage of the output of C with 
respect to the overall output of A and B? 

506. An increase in the output of a factory as compared to that 
in the preceding year is p% for the first year and q% for the second 
year. What should the percent increase of the output be for the 
third year for the average annual increase of the output for three 
years to be equal to r%? 

507. a% of some quantity of goods is sold at a profit of p% and b% 
of the rest of the goods is sold at a profit of q%. What profit is made 
on selling the remaining goods, if the total profit is r%? 

508. Equal (by weight) pieces are cut off two chunks of alloys of 
different copper content, the chunks weighing m kg and n kg. Each 
of the cut-off pieces is melted together with the remainder of the 
other chunk and the copper contents of both alloys then become 
equal. Find the weight of each of the cut-off pieces. 

509. A certain sum of money urns arranged in n piles. An nth 
part of the money in the first pile was taken from it and put into 
the second pile. Then an nth part of the money in the enlarged second 
pile was taken from it and put into the third pile. The same opera¬ 
tion was continued from the third to the fourth pile, and so on. 
Finally, an nth part of the money in the nth pile was taken from it 
and put into the first pile. After this, final operation each pile 
had A roubles. How much money was there in each pile prior to the 
shifting operation (you may confine yourself to n=5)? 
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CHAPTER VIII 

PLANE GEOMETRY 

510. The perimeter of a right triangle is equal to>132, and the 
sura of the squares of its sides, to 6050. Find the sides. 

511 Given in a parallelogram are: the acute angle a and the 
distances m and p between the point of ! nter3e ^ 
and the unequal sides. Determine the diagonals and the .uea of the 

Pa M2 e The a base of an isosceles triangle is equal to 30 cm, and the 
altitude, to 20 era. Determine the altitude dropped to o 

"ms. The base of a triangle is equal to 60 cm altitude, 

U,e * o 

obtamed-ie ^ #f g square are divided in the ratio in to n, a large 

quadrilateral obtained, if the side of the given square is equal to a 

516. Inscribed in a square is another square, whose vertices he 
on the sides of the former square and the sides form 30-degree angles 
with those of the former square. What portion of the area of the 

i sau-ire i“ the area of the inscribed square equal to? 

517. Inscribed in a square with side a is another square, whose 
vertices lie on the sides of the former. Determine the segments into 
which the sides of the first square are divided by the vertices of the 
second square, if the area of the latter is equal to s of that of the 
former. 




Proble 


518. Inscribed in a rectangle with sides 3 m and 4 m long is another 
rectangle, whose sides are in the ratio 1 : 3. Find the sides ol this 
rectangle. 

519. Inscribed in an equilateral triangle ABC with side a is another 
equilateral triangle LAIN, whose vertices lie on the sides ol the 
first triangle and divide each of them in the ratio 1 : 2. Find the 
area of the triangle LMN. 

520. Find the sides of a right-angled triangle, given its perime¬ 
ter 2 p and altitude h. 

521. Two equal segments CM and CN are marked on the sides CA 
and CB of an isosceles triangle ABC. Determine the length of the 
segments, knowing the perimeter 2 P of the triangle ABC, its base 
AB = 2a and the perimeter 2 p of the rectangle AMNB cut off 
by the straight line AIN. 

522. Given a right-angled trapezoid with bases a, b and shorter 
side c. Determine the distance between the point of intersection 
of the diagonals of the trapezoid and the base a, and between the 
point of intersection and the shorter side. 

523. Find the area of an isosceles triangle, if its base is 12 cm, 
and the altitude is equal to the line-segment joining the mid-points 
of the base and of one of the sides. 

524. The perimeter of a rhombus is equal to 2 p cm, and the sum 
of its diagonals, to m cm. Find the area of the rhombus. 

525. The longer base of a trapezoid is equal to a, and the shorter, 
to b ; the angles at the longer base are 30° and 45°. Find the area 
of the trapezoid. 

526. Compute the area of a trapezoid, whose parallel sides are 
equal to 16 cm and 44 cm, and nonparallel ones, to 17 cm and 25 cm. 

527. Find the area of a square inscribed in a regular triangle with 

528. The base of a triangle is divided by the altitude into two parts 
equal to 36 cm and 14 cm. A straight line drawn perpendicular 
to the base divides the area of the given triangle into tw'o equal 
parts. Into what parts is the base of the triangle divided by this 

529. The altitude of a triangle is equal to 4; it divides the base 
into two parts in the ratio 1 : 8. Find the length of the line-segment 
which is parallel to the altitude and divides the triangle into equal 

530. A triangle ABC is divided into three equal figures by straight 
lines which are parallel to the side .4C. Compute the parts into 
which the side AB, equal to a, is divided by the parallel lines. 







543. The sides of a triangle are: a = 13, b = 14, c — 15. Two 
of them (a and b) are tangent to a circle, whose centre lies on the 
third side. Determine the radius of the circle. 

544. An isosceles triangle with a vertex angle of 120° is circum¬ 
scribed about a circle of radius R. Find its sides. 

545. On the larger leg of a right triangle, as on the diameter, 
a semicircle is described. Find the semicircumference if the smaller 
leg is equal to 30 cm, and the chord joining the vertex of the right 
angle with the point of intersection of the hypotenuse and the semi¬ 
circle is equal to 24 cm. 

546. In a right-angled triangle a semicircle is inscribed so that 
its diameter lies on the hypotenuse and its centre divides the latter 
into two segments equal to 15 cm and 20 cm. Determine the length 
of the arc of the semicircle between the points at which the legs 
touch the semicircle. 

547. In an isosceles triangle with the base equal to 4 cm and 
altitude equal to 6 cm a semicircle is constructed on one of the 
sides as on the diameter. The points at which the semicircle inter¬ 
sects lie base and the other side are joined by a straight line. Deter¬ 
mine the area of the quadrilateral thus obtained, which is inscribed 
in the semicircle. 

548. Given an isosceles triangle with the base 2 a and altitude h. 
Inscribed in it is a circle, and a line tangent to the circle and parallel 
to the base of the triangle. Find the radius of the circle and the length 
of the segment of the tangent line contained between the sides of the 

U 549. 1 From a point lying without a circle two secant lines are drawn, 
whose external portions are 2 m long. Determine the area of the 
quadrilateral, whose vertices are the points of intersection of the 
secants and the circle, if the lengths of its two opposite sides are 
equal to 6 m and 2.4 m. 

550. The sides of a triangle are equal to 6 cm, 7 cm, and 9 cm. 
From its vertices, as from centres, three mutually tangent circles 
are described: the circle, whose centre lies at the vertex of the least 
angle of the triangle, is internally tangent to the remaining two 
circles, the latter being externally tangent to each other. Find 
t ho radii of the three circles. 

551. An exterior tangent to two circles of radii 5 cm and 2 cm 
is 1.5 times longer than their interior tangent. Determine the distan¬ 
ce between the centres of the circles. 

552. The distance between the centres of two circles, whose radii 
are equal to 17 cm and 10 cm, is 21 cm. Determine the distances 












Problems 


triangle to its base and dividing the vertex angle in the ratio 1 : 2, 
is t. Find the area of the triangle. 

590. Given the angles of a triangle, determine the angle between 
the median and altitude drawn from the vertex of any angle. 

591. The side of a regular triangle is equal to a. A circle of radius -~ 
is drawn from its centre. Determine the area of the portion of the 
triangle outside this circle. 

592. In a right-angled trapezoid, whose altitude is h, on the side, 
which is not perpendicular to the base, as on the diameter, a circle 
is drawn touching the opposite side of the trapezoid. Find the area 
of the right-angled triangle, whose legs are the bases of the trapezoid. 

593. Prove that in a right-angled triangle the bisector of the right 
angle bisects the angle between the median and altitude dropped 
to the hypotenuse. 

594. Prove that in a right-angled triangle the sum of the legs 
is equal to the sum of the diameters of the inscribed and circumscribed 
circles. 

595. Determine the angles of a right-angled triangle if the ratio 
of the radii of the circumscribed and inscribed circles is 5 : 2. 

596. Prove that the straight lines successively joining the centres 
of the squares constructed on the sides of a parallelogram and adjdi- 
ning it from outside also form a square. 


POLYHEDRONS 

597. The sides of the base of a rectangular parallelepiped are a and 
b. The diagonal of the parallelepiped is inclined to the plane of the 
base at an angle a. Determine the lateral area of the parallelepiped. 

598. In a regular hexagonal prism the longest diagonal having 
length d forms an angle a with the lateral edge of the prism. Deter¬ 
mine the volume of the prism. 

599. In a regular quadrangular pyramid the lateral edge of length m 
is inclined to the plane of the base at an angle a. Find the volume 
of the pyramid. 

COO. The volume of a regular quadrangular pyramid is equal to V. 
The angle of inclination of its lateral edge to the plane of the base 
is equal to a. Find the lateral edge of the pyramid. 

001. The lateral area of a regular quadrangular pyramid is equal 
to S cm 2 , its altitude, to H cm. Find the side of its base. 





614. The base of a right prism is an isosceles triangle, whose base 
is equal to a and the angle at the base, to a. Determine the volume 
of the prism if its lateral area is equal to the sum of the areas of its 

8 615. The slant height of a regular hexagonal pyramid * s e 1 ua } 
to m. The dihedral angle at the base is equal to a. Find the total 
surface area of the pyramid. ... 

616. Through the hypotenuse of a right-angled isosceles triangle 

a plane P is drawn at an angle a to the plane of the triangle. Deter¬ 
mine the perimeter and area of the figure obtained by projecting 
the triangle on the plane P. The hypotenuse of the triangle is 
equal to t. . . , . i 

617. In a regular n-gonal pyramid the area of the base is equal 
to Q , and the altitude forms an angle <p with each of the lateral 
faces. Determine the lateral and total surface areas of the pyramid. 

618. The side of the base of a regular triangular pyramid is equal 
to a, the lateral face is inclined to the plane of the base at an angle 
of tp. Find the volume and total surface area of the pyramid. 

619. The total surface area of a regular triangular pyramid is 
equal to S. Find the side of its base, if the angle between the lateral 
face and the base of the pyramid is equal to a. 

620. The base of a pyramid is a rhombus with the acute angle a. 
The lateral faces are inclined to the plane of the base at an angle p. 
Determine the volume and total surface area of the pyramid, if the 
radius of the circle inscribed in the rhombus is equal to r. 

()21. Determine the angle of inclination of the lateral face of 
a regular pentagonal pyramid to the plane of the base, if the area 
,,f the base of the pyramid is equal to S, and its lateral area, to a. 

(522. The base of’a right parallelepiped is a rhombus. A plane 
drawn through one of the sides of the lower base and the opposite 
side of the upper base forms an angle p with the plane containing 
l lie base. The area of the section thus obtained is equal to Q. Deter¬ 
mine the lateral area of the parallelepiped. 

623. The base of a pyramid is an isosceles triangle with the base 
angle a . Each of the dihedral angles at the base is equal to <p. The 
distance between the centre of the circle inscribed in the base of the 
pyramid and the midpoint of the height of the lateral face is equal 
to d. Determine the total surface area of the pyramid. 

624. The base of a pyramid is a polygon circumscribed about 
a circle of radius r; the'perimeter of the polygon is equal to 2 p, 
the lateral faces of the pyramid are inclined to the base at an angle qi. 
Find the volume of the pyramid. 




tuse angle, is perpendicular to the plane of the base, tie other two 

side of the base of the pyramid and bisects the edge perpendicular 

t0 fi34. ^regular triangular pyramid is cut by a plane perpendicular 
to the base and bisecting two sides of the base. Determine the volume 
of the cut-off pyramid, given the side a of the base of the original 
nvramid and dihedral angle a at the base. 

' 635. Through the vertex of a regular quadrangular pyramid a cut¬ 
ting plane is drawn parallel to a side of the base and at an ang e ip 
to the base of the pyramid. The side of the base of the pyramid is 
equal to o, and the face angle at the vertex of the pyramid, to a. 
Find the area of the section. _ ... i 

A olane is drawn through the vertex of a regular triangular 
pyramid and the midpoints of two sides of the base. Determine the 
area of the section figure and volumes of the portions of the gi%en 
nvramid into which it is divided by the cutting plane, given the side 
Lot the base and angle a formed by the cutting plane with the base 
637. A regular tetrahedron, whose edge is equal to a, is cut b> a 
plane containing one of its edges and dividing the opposite edge in 
the ratio 2:1. Determine the area of the section figure and its 

*"638.’Determine the volume of a frustum of a regular quadrangular 
pyramid, if the side of the larger base is equal to a the side of the 
11Unon to /? and the acute angle of the lateral face, to cc . 

Kt9 Determine the volume of a regular quadrangular prism 
if its diagonal forms an angle <x with the lateral face, and the side of 


<10. The base of a right prism is 


641. 


„ right-angled triangle with hypo- 
acme m.ss.e v,. Through the hypotenuse of the lower 
vertex of the right angle of the upper base a plane is 
n an angle p with the base. Determine the volume of the 
rramid cut off the prism by the plane. 

, ase of a right prism is a right-angled triangle in which 
,im ot a leg and the hypotenuse is equal to m, and the angle be- 
ii them to a Tlirough'the other leg and the vertex of the opposite 
ilral angle of the prism a plane is drawn at an angle P to *•>» 


-. Dett 


i volume of the porti 
ie cutting plane, 
ase of a pyramid is an isosceles 
i dihedral' angle at the base is equal 
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The lateral area of the pyramid is S. Determine the volume of tl 
ramid and its total surface area. 

643. The base of a pyramid is an isosceles triangle with the side a 
and the base angle a (a > 45°). The lateral edges are inclined to the 
base at an angle p. A cutting plane is drawn through the altitude of 
the pyramid and the vertex of one of the angles a. Find the area of 
the section figure. 

644. The base of a right prism is a quadrilateral in which two 
opposite angles are right ones. Its diagonal joining the vertices of 
oblique angles has a length l and divides one of them into portions 
a and p. The area of the section figure contained in a cutting plane 
passing through the other diagonal of the base and perpendicular 
to it is equal to S. Find the volume of the prism. 

645. The base of a pyramid is a square. Two opposite faces are 
isosceles triangles; one of them forms an interior angle p with the 
base, the other, an exterior acute angle o. The altitude of the pyra¬ 
mid is equal to H. Find the volume of the pyramid and the angles 
formed by the other two lateral faces with the plane containing the 
base. 

646. The base of a pyramid is a rectangle. One of the lateral faces 
is inclined to the base at an angle p = 90'— a and the face opposite 
it is perpendicular to the base and represents a right-angled triangle 
with the right angle at the vertex of the pyramid and an acute angle 
equal to a. The sum of the heights of these two faces is equal to m. 
Determine the volume of the pyramid and the sum of the areas of the 
other two lateral faces. 

647. The base of a pyramid is a rectangle. One of the lateral faces 
is an isosceles triangle perpendicular to the base; in the other face, 
which is opposite the first one, the lateral edges, equal to h, form an 
angle 2a and are inclined to the first face at an angle a. Determine 
the volume of the pyramid and the angle between the above two faces. 

648. In a regular triangular pyramid, with the side of the base 
equal to a, the angles between the edges at its vertex arc equal to one 
another, each being equal to a (a sg 90°). Determine the angles bet¬ 
ween the lateral faces of the pyramid and the area of a section drawn 
through one of the sides of the base and perpendicular to the opposite 
lateral edge. 

649. Determine the volume of a regular octahedron with edge 
a and also the dihedral angles at its edges. 

650. The diliedral angle at a lateral edge of a regular hexagonal 
pyramid is equal to <p. Determine the face angle at the vertex of the 
pyramid. 




651. The base ol a pyramid is a regular hexagon ABCDEF. The 
lateral edge MA is perpendicular to the base, and the opposite edge 
AID is inclined to the base at an angle a. Determine the angle of 

inclination of the lateral faces to the base. 

652. The base of a pyramid is an isosceles triangle ABC in which 

AB = /1C. The altitude of the pyramid SO passes through the mid¬ 
point of the altitude AD of the base. Through the side BC a plane is 
drawn perpendicular to the lateral edge AS and at an angle a to the 
base Determine the volume of the pyramid cut off the given one and 
having vortex S in common with it, if the volume of the other cut-off 
portion is equal to V. . 

653. The side of the base of a regular triangular pyramid is equal 
to a. A section bisecting an angle between the lateral faces repre¬ 
sents a right-angled triangle. Determine the volume of the pyramid 
and the angle between its lateral face and the plane containing the 

654. Through a side of the base of a regular triangular pyramid 
a plane is drawn perpendicular to the opposite lateral edge. Deter¬ 
mine the total surface area of the pyramid, if the plane divides the 
lateral edge in the ratio m :n, and the side of the base is equal 


655 The diagonal of a rectangular parallelepiped is equal to d 
and forms equal angles a with two adjacent lateral faces. Determine 
the volume of the parallelepiped and the angle between the base 
and a plane passing through the end points of three edges emanating 


656 In a rectangular parallelepiped the point of intersection of the 
diagonals of the lower base is joined with the midpoint of one of the 
lateral edges by a straight line, whose length is equal to m. This line 
forms an angle o with the base and angle (3 ~2a with one of the la¬ 
teral faces, taking the other adjacent lateral face for the base of the 
parallelepiped, find its lateral area and volume. (Prove that a <30 .) 

657. The base of a right prism is a trapezoid inscribed in a semicir¬ 
cle of‘radius H so t lint its larger base coincides with the diameter, 
and the smaller one subtends an arc equal to2a. Determine the volume 
of the prism, if the diagonal of a face passing through one of the 
uoitparallel sides of the base is inclined to the latter at an angle a. 

658 The diagonal of a rectangular parallelepiped, equal to d. 
forms an aide (5 00° — a with the lateral face. The plane drawn 

through this"diagonal aud the lateral edge intersecting with it forms 
mi angle a with the same lateral face (prove that a > 45°). Determine 
the volume uf the parallelepiped. 





669. In a parallelepiped the lengths of three edges emanating from 
a common vertex are respectively equal to a, b and c. The edges 
a and b are mutually perpendicular, and the edge c forms an angle 
a with each of them. Determine the volume of the parallelepiped, its 
lateral area and the angle between the edge c and the plane containing 
the base. (For what values of the angle a is the problem solvable?) 

670. All the faces of a parallelepiped are equal rhombuses with si¬ 
des a and acute angles a. Determine the volume of the paralle- 

671. The base of an oblique parallelepiped is a rhombus ABCD 
with the side a and acute angle a. The edge A A, is equal to b and 
forms an angle q> with the edges AB and AD. Determine the volume of 
the parallelepiped. 

672. In a rectangular parallelepiped a plane is drawn through 
a diagonal of the base and a diagonal of the larger lateral face, both 
emanating from one vertex. The angle between these diagonals is 
equal to p. Determine the lateral area of the parallelepiped, the area 
of the section figure and the angle of inclination of the cutting plane 
to the base, if it is known that the radius of the circle circumscribed 
about the base of the parallelepiped is equal to R and the smaller 
angle between the diagonals of the base, to 2a. 

673. The base of a right prism is a right-angled triangle ABC. 
The radius of the circle circumscribed about it is equal to R. the 
leg AC subtends an arc equal to 2p. Through a diagonal of the late¬ 
ral face passing through the other leg BC a plane is drawn perpendi¬ 
cular to this face and inclined to the base at an angle p. Determine 
the lateral area of the prism and the volume of the cut-off quadrangu- 

'*67*4. 1 he base of a pyramid is a trapezoid, whose nonparallel sides 
and smaller base are of equal length. The larger base of the t rapezoid 
is equal to « and the obtuse angle, to a. All the lateral edges of the 


imid ai 


:lined to the base at an angle p. Determine the volumi 


673. The base of a pyramid is a trapezoid, whose diagonal is per¬ 
pendicular to one of the nonparallel sides and forms an angle a with 
the base. All the lateral edges are of equal length. The lateral face 
passing through the larger base of the trapezoid has an angle (p = 2a 
at the vertex of the pyramid and its area is equal to S. Determine 
the volume of the pyramid and the angles at which the lateral faces 


i. The 


■ of a pyramid is a regular triangle, whose side is equal 
ole, dropped from the vertex of the pyramid, passes 











Pnble 


nuse and the bisector of the right angle of the base. The lateral edge 
passing through the vertex of the right angle is inclined to the base at 
an angle a. Determine the volume of the pyramid and the angles of 
inclination of the lateral faces to the base, if the bisector of the right 
angle of the base is equal to m and forms an angle of 45° + a with 
the hypotenuse. 

684. The base of a pyramid is a rhombus with the side a. Two adja¬ 
cent faces are inclined to the plane of the base at an angle a, the third 
one, at an angle p (prove that the fourth lateral face is inclined to the 
base at the same angle). The altitude of the pyramid is H. Find its 
volume and total surface area. 

685. The base of a quadrangular pyramid is a rhombus, whose side 
is equal to a and acute angle, to a. The planes passing through the 
vertex of the pyramid and diagonals of the base are inclined to the 
base at angles cp and tp. Determine the volume of the pyramid, if its 
altitude intersects a side of the base. 

686. The base of an oblique prism is a right-angled triangle ABC 
with the leg BC = a. The vertex 5, of the upper base is projected into 
the midpoint of the leg BC. The dihedral angle formed by the lateral 
faces passing through the leg BC and hypotenuse AB is equal to a. 
The lateral edges are inclined to the base at an angle p. Determine 
the lateral area of the prism. 

687. The base of a prism ABCA { B,Ci is an isosceles triangle ABC 
(AB = AC and ^ BAC = 2a). The vertex .4, of the upper base is 
projected into the centre of the circle of radius R circumscribed about 
the lower base. The lateral edge A A, forms with the side AB of the 
base an angle equal to 2a. Determine the volume and the lateral 
area of the prism. 

688. Determine the volume of a regular quadrangular pyramid, 
whose lateral edge is equal to l and the dihedral angle between two 
adjacent lateral faces is equal to p. 

689. C.iven in a frustum of a regular quadrangular pyramid: diago¬ 
nal d , dihedral.angle a at the lower base and altitude II. Find the 
volume of the frustum. 

690. The lateral edge of a frustum of a regular quadrangular pyra¬ 
mid is equal to t and inclined to the base at an angle p. The diagonal 
of the pyramid is perpendicular to its lateral edge. Determine the 

691. The altitude of a frustum of a regular quadrangular pyramid 
is equal to II, the lateral edge and diagonal of the pyramid are 
inclined to the base at angles a and p, respectively. Find the lateral 




701. A right parallelepiped, whose base is a rhombus with the side 
a and acute angle a is cut with a plane passing through the vertex 
of the angle a, the section yielding a rhombus with the acute angle -j . 


Determine the area of this section. 

702. The edge of a tetrahedron is equal to b. Through the midpoint 
of one of the edges a plane is drawn parallel to two non-intersecting 
edges. Determine the area of the section thus obtained. 

703. The base of a pyramid is a right-angled triangle with a leg a. 

One of the lateral edges of the pyramid is perpendicular to the base, 
the other two being inclined to it at one and the same angle a. 
A plane perpendicular to the base cuts the pyramid, yielding a square. 
Determine the area of this square. . . 

704. In a frustum of a regular quadrangular pyramid the sides ol 
the upper and lower bases are respectively equal to a and 3a and the 
lateral faces are inclined to the plane containing the lower base at 
an angle a. Through a side of the upper base a plane is drawn paral¬ 
lel to the opposite lateral face. Determine the volume of the quadran¬ 
gular prism cut off the given frustum and the total surface area of 
the remaining portion of the frustum. 

705. Two planes are drawn through a point taken on a lateral edge 
of a regular triangular prism with the side of the base a. One of them 
passes through a side of the lower base of the prism at an angle a 
to the base, the other, through the parallel side of the upper base and 
at an angle p to it. Determine the volume of the prism and the sum of 
the areas of the sections thus obtained. 

706. In a regular quadrangular prism a plane is drawn through 
the midpoints of two adjacent sides of the base at an angle a to the 
latter to intersect three lateral edges. Determine the area of the sec¬ 
tion figure obtained and its acute angle, if the side of the prism s 



base of a right prism is an isosceles trapezoid (with the 
a) circumscribed about a circle of radius r. Through one 
larallel sides of the base and the opposite vertex of the 
of the upper base a plane is drawn at au angle a to the 
mine the lateral area of the prism and the area of the see¬ 
thes obtained. 

base of a right prism ABCA,B S C, is an isosceles triangle 
ingle a at the base BC. The lateral area of the prism is equ¬ 
al the area of the section by a plane passing through a dia- 
e face BCC,B t parallel to the altitude AD of the base of 
ind at an angle p to the base. 




709. The base ol a right prism ABCA,B,C, is a right-angled trian¬ 
gle ABC with an angle P at the vertex B (p <45°). The difference 
between the areas of its lateral faces passing through the legs BC 
and AC is equal to S. Find the area of the section by a plane forming 
an an»le ro with the base and passing through three points: the vertex 
B, of the angle P of the upper base, midpoint of the lateral edge .4.4, 
and point D situated on the base and symmetrical to the vertex B 
with respect to the leg AC. 

710. Non-intersecting diagonals of two adjacent lateral face.- ot 
a rectangular parallelepiped are inclined to its base at anglesa and p. 
Find the angle between these diagonals 

711. Given three plane angles of the trihedral angle SABC. 

/_ BSC = a; /_ CSA — P; Z.ASB = Y- Fin<1 the dihedral angles of 
this trihedral angle. , , , 

712. One of the dihedral angles of a trihedral angle is equal to A; 
the plane angles adjacent to the given dihedral angle are equal to a 
and P. Find the third plane angle. 

713 Given in a trihedral angle are three plane angles: -m , 60 and 
45° Determine the dihedral angle contained between the two faces 

Tab is given on the edge of a dihedral angle. 
In one of the faces a point M is given, at which a straight line drawn 
from A at an angle o to AB intersects a line drawn from B perpendicu¬ 
lar to AB. Determine the dihedral angle, if the straight lint A.\I is 
inclined to the second face of the dihedral angle at an angle p. 

715 Given two skew lines inclined at an angle cp to each other and 
having a common perpendicular PQ = ft which intersects both of 
them Given on these lines are two points A and B, from which the 
line-segment PQ is seen at angles a and p, respectively. Determine 
the length of the line-segment AB. 

716. Given on two mutually perpendicular skew lines, the perpen¬ 
dicular distance between which PQ = ft, are two points .4 and S, 
from which the line-segment PQ is seen at angles a and p, respecti¬ 
vely. Determine the angle of inclination of the segment AB to l Q. 

717. A cutting plane divides the lateral edges of a triangular pyra¬ 
mid in the ratios (as measured from the vertex): . 

In what ratio is the volume of the pyramid divided by this plane? 

718 From the midpoint of the altitude of a regular quadrangular 
pyramid a perpendicular, equal to ft, is dropped to a lateral edge, and 
another perpendicular, equal toft, to a lateral face. Find the volume 
of the 'pyramid. 







CHAPTER X 

SOLIDS OF REVOLUTION 

719. The generator of a cone is equal to I and forms an angle of 80° 
with the plane of the base. Determine the volume of the cone. 

720. The length of the generator of a cone is equal to /, and the 
circumference of the base, to c. Determine the volume. 

721. The lateral surface of a cylinder is developed into a square 
with the side a. Find the volume of the cylinder. 

722. When developed, the curved surface of a cylinder represents 
a rectangle, whose diagonal is equal to d and forms an angle a with 
the base. Determine the volume of the cylinder. 

723. The angle at the vertex of an axial section of a cone is equal 
to 2cc, and the sum of the lengths of its altitude and the generator, to 
m. Find the volume and surface of the cone. 

724. The volume of a cone is V. Its altitude is trisected and through 
the points of division two planes arc drawn parallel to the base. Find 
tiie volume of the medium portion. 

725. Determine the volume of a cone, if a chord, equal to a, drawn 
in its base circle subtends an arc a. and the altitude of the cone 
forms an angle p with the generator. 

728. Two cones (one inside the other) are constructed on one and 
the same base: the anglo between the altitude and the generator of 
the smaller cone is equal to a, and that of the larger cone, to p. The 
difference between the altitudes is equal to h. Find the volume of 
the solid bounded by the curved surfaces of the cones. 

727. The curved surface of a cone is equal to S. and the total one, 
to P. Determine the angle between the altitude and the gene- 

728. When developed on a plane, the curved surface of a cone 
represents a circular sector with the angle « and chord a. Determine 
the volume of the cone. 

729. A plane, drawn through the vertex of a cone and at an angle 
if to the base, cuts off the circle of the base an arc a; the distance bet¬ 
ween the plane and the centre of the base is equal to a. Find the volu¬ 
me of the cone. 

730. A square, whose side is equal to a. is inscribed in the base of 
a cone. A plane drawn through the vertex of the cone and a side of 
the square intersects the surface of t he cone along a t riangle, t he angle 
at the vertex of which is a. Determine the volume and surface of the 








Problems 


743. An obtuse triangle with acute angles a and f) and the smaller 
altitude h rotates about the side opposite the angle fi. Find the sur¬ 
face of the solid thus generated. 

744. In a cone (whose axial section represents an equilateral tri¬ 
angle) installed with its base up and filled with water a ball of radius 
r is placed flush with the water level. Determine the height of the 
water level in the cone after the ball is removed. 

745. in a cone, the radius of the base circle of which is equal to A 
and whose generator is inclined to the base at an angle -y, a right 
triangular prism is inscribed so that its lower base lies on the base of 
the cone, and the vertices of the upper base are on the curved surface 
of the cone. Determine the lateral area of the prism, if the base of the 
prism is a right-angled triangle with an acute angle a, and its altitu¬ 
de is equal to the radius of the circle along which the plane passing 
through the upper base of the prism intersects the cone. 

746. In a triangular pyramid, whose base is a regular triangle with 
t he side a, a cylinder is inscribed so that its lower base is found on the 
base of the pyramid, its upper base touching all the lateral faces. 
Find l he volumes of the cylinder and the pyramid cut-off by the plane 
passing through the upper base of the cylinder, if the altitude of the 
cylinder is equal to 4 , one of the lateral edges of the pyramid is per¬ 
pendicular to the base, and one of its lateral faces is inclined to the 
base at on angle a (define the values of a for which the problem is sol¬ 
vable). 

747. A right triangular prism is inscribed in a sphere of radius ft. 
The base of the prism is a right-angled triangle with an acute angle a 
arid its largest lateral face is a square. Find the volume of the prism. 

748. The base of a pyramid is a rectangle with an acute angle a bet¬ 
ween the diagonals, and its lateral edges form an angle cp with the 
base. Determine the volume of the pyramid, if the radius of the cir¬ 
cumscribed sphere is equal to ft. 

749. The radius of the base circle of a cone is equal to ft and the 
angle at the vertex of its axial section is a. Find the volume of a re- 
qular triangular pyramid circumscribed about the cone. 

750. A sphere of radius r is inscribed in a frustum of a cone. The 
generator of the cone is inclined to the base at an angle a. Find the 
curved surface of the frustum. 

751. Circumscribed about a sphere is a frustum of a cone, whose 
elements are inclined to the base at an angle a. Determine the sur¬ 
face uf the frustum, if the radius of the sphere is equal to r. 






763. In a cone, with the radius of the base circle R and an angle a 
between the altitude and generator, a sphere is inscribed which tou¬ 
ches the base and the curved surface of the cone. Determine the volu¬ 
me of the portion of the cone situated above the sphere. 

764. The surface of a right circular cone is n times as large as the 
surface of the sphere inscribed in it. At what angle is the generator 
of the cone inclined to the base? 

765. A sphere is inscribed in a cone. The ratio of their volumes is 
equal to n. Find the angle of inclination of the generator to the base 
(calculate for n - 4). 

766. Determine the angle between the axis and generator of a cone, 
whose surface is n times as large as the area of its axial section. 

767. Inscribed in a cone is a hemisphere, whose great circle lies on 
the base of the cone. Determine the angle at the vertex of the cone, 
if the ratio of the surface area of the cone to the curved surface area 
of the hemisphere is 18: 5. 

768. Determine the angle between the altitude and generator of a 
cone, if the volume of the cone is 1^-times as large as that of the 
hemisphere inscribed in the cone so that the base of the hemisphere 
lies on the base of the cone and the spherical surface touches the cur¬ 
ved surface of the cone. 

769. Determine the angle between the altitude and generator of 
a cone, whose curved surface is divided into two equal parts b.v the 
line of its intersection with a spherical surface, whose centre is loca¬ 
ted at the vertex of the cone and the radius is equal to the altitude of 
the cone. 

770. A cone with the attitude II and the angle between the genera¬ 
tor and altitude equal to a is cut by a spherical surface with the centre 
at the vertex of the cone to divide the volume of the cone into two 
equal portions. Find the radius of the sphere. 

771. On the altitude of a cone, equal to H, as on the diameter, a 
sphere of radius^- is constructed. Determine the volume of the portion 
of the sphere situated outside the cone, if the angle between the 
generator and altitude is equal to a. 

772. Given two externally tangent spheres O and O,. and a cone 
circumscribed about them. Compute the area of the curved surface of 
the frustum, whose bases are the circles along which the spheres con¬ 
tact the surface of the cone, if the radii of the spheres are equal to R 
and R t . 

773. Four balls of one and the same radius r lie on a table so that 
they touch one another. A fifth ball of the same radius is placed on 





them at the centre. Find the distance between the top point of the 
fifth ball and the plane of the table. 

774. Determine the angle at the vertex of the axial section of a cone 
circumscribed about four equal balls arranged so that each of them 
is in contact with the three remaining ones. 

775. The faces of a frustum of a regular triangular pyramid touch 
a sphere. Determine the ratio of the surface of the sphere to the total 
surface area of the pyramid, if the lateral faces of the pyramid are 
inclined to the base at an angle a. 

776. Inscribed in a cone is a cylinder, whose altitude is equal to 
the radius of the base circle of the cone. Find the angle between the 
axis of the cone and its generator, if the ratio of the surface of the 
cylinder to the area of the base of the cone is 3:2. 

777. The radius of a sphere inscribed in a regular quadrangular 
pyramid is equal to r. The dihedral angle formed by two adjacent 
lateral faces of the pyramid is equal to a. Determine the volume of 
the pyramid, whose vertex is at the centre of the sphere and the ver¬ 
tices of the base lie at the four points of tangency of the sphere and 
the lateral faces of the pyramid. 

778. A sphere of radius r is inscribed in a cone. Find the volume 
of the cone, if it is known that a plane tangent to the sphere and per¬ 
pendicular to the generator of the cono is drawn at a distance d 
from the vertex of the cone. 

779. The edge of a cube is a, Alt being its diagonal. Find the radius 
of a sphere tangent to the three faces converging at the vertex A and 
to the three edges emanating from the vertex B. Also find tho area 
of the portion of the spherical surface outside the cube. 

780. In a regular tetrahedron, whose edge is equal to a, a sphere is 
inscribed so that it is in contact with all the edges. Determine the 
radius of the sphere and the volume of its portion outside the tetra- 


TRIGONOMETRIC TRANSFORMATIONS 

Prove the following identities: 

781. sec (“£-+“)sec(-5—aj = 2sec2a 

782. —2cos(a + p) = |2|- 

783. 2 (esc 2a + cot 2a) = cot—tan-|- 




Problems 


. = tan (45°4-a); 785. = tan 2a -f sec 2a 

• ^ i (f + “)- sinS (T-“) = £ ^| 1 


2 tan (t — “) - sin2 (-5- +a ) 


sin a+cos (2p-o) 

cosa-sin (2g-a) ^ COt lX~P) 

i±^5|5 = l±i^. = tan (-f- + a) 

sinz + cos(2j< — x) 1+sin 2y 
cos i — sin (2# — x) ~ cos2j 

tan 2 a — tan 8 p = sin (a -f P) sin (a — (!) sec 8 a sec 8 p 
tan (-2---|-).(l+sina) ^ 

tan (f + T 

f2(sin2« + 2i 


os 3a-f sin 3a ' 


l. sin(a —6)+sin(a —e)+sin(6 —c)»=4 cos -j-sin—j-cos-y 
l, 2 (sin 8 x + cos* x) — 3 (sin 1 x -f cos 4 x) +1 = 0 
, sina,.sin(a + -) + sin(a + ^) = 0 
. sin 8 (45 s i- a) — sin 2 (30° — a) — sin 15° cos (15°+2a) = sin 2a 
. Show that 

2 . P°? .51 — t a n q) — cot q) 





Chapter XI. Trigg 


803. Show that 

tai1 " T 

804. Prove the identity 

cos 2 qp + cos 2 (a + <p) — 2 cos a 

805. Simplify the expression 

sin 2 a + sin 2 P-f 2 sin 

806. Prove that. 


os <p cos (a+ <)>) = sin 2 <x 


t sin P cos (a + p) 


sin 2 a + sin 2 p sin 2 y — 2 cos a cos {5 cos y = 2, 
if a-f p-fy = n. 

807. Prove that 


if A + B+C-- it. 
808. Prove that 


809. Prove that 


. B-f cot.4cotC + cotBcotC = 1, 


Reduce to a form convenient for taking logarithms'. 
810. 1+cosa + cosi; 811. 1-K2cosa + cos 2a 

812. 1 —sin 2 (a + P)—sin 2 (a —P) 

813. 1+sina + cosa + tana; 814. *± 2in 01 ~ 00201 


815. 

817. 

818. 
820. 
822. 


1 — tan a -f sec a; 816. cos a | 
tan (a +-2-) +tan (a—-J-) 


2 sin (i —sin 2P . 

2 sin p-f sin 2{5 ’ 
cot a + cot 2a + ( 


2a; 821. ■ 
a + /3sin2a-l; 823. 









, sin x sin lx — sin 3x sin hx\ 855. cosxsin7x = cos3xsin5^ 
i« sin x sin 2x sin 3x = -|- sin 4x; 857. 2 cos 2 x + 4 cos x = 3 sii 
. 5 cos 2x = 4 sin x; 859. tan x j + tan j — 2 = 0 


!. 1 — cos (n — x) -f sin —= 0 

i. 2[l-sin(-^~x)]=K3lani^ 


' 14-cos x 

866. 2 cot (x — n) —(cos x + sin x) (esc x — sec x) = 4 

867. sin (n-x) + cot (f - x) = — 


869. sin (n — x) + cot + x ) = sec (— x)—cos (2 ji — x) 

870. sec 2 z—tan 2 x + cot(-f- + x) =cos 2xsec 2 x 

871. sin 3 1(1 + cot x) + cos 3 z (1 + tan x) = cos 2z 

872. sin 3 x cos 3x + sin 3x cos 3 x — 0.375 

873. tan x + tan 2x = tan 3x 

874. 1 + sin x + cos x = 2 cos — 45° j 

875. 1 —cos 2 2x = sin3x—cos (4^-+ xj 

876. 1 - 3 cos x + cos 2x - 

877. [cosx—sin (x—n)) 2 + 1 “sjrjtrj 







Problems 


878. (sin x + cos *)• - 2 sin (+ x ) sin ( - x ) 

879. 2 - sin * cos 2x— sin 2x cos x = 

880. (1 — tan x) (1 sin 2a:) — 1 + tan x 


. (1-f sin2x)(cosx —sinx) = l —2sin 2 x 
. 2 * - sin (x + 30°) sin (s - 30°) 

sin(60° + i) + sin(60°—; 


(1+tan 2 1)2 + (1+cot 2 1 ) 2 
l x j sin (» —30°)+cos (60° - 


. sin (-|-+at)-sin(i- a :) = 
. 2]/2 sin (45° + x) - 


21/2 


V3 sec 2 z 


-1 = sin (n — x) — cos a: tan — 

- 2 sin (45° + x) sin (45° -x) = 
— 45°) tan x tan (x + 45°) = — 


4 cos 2 x 


-45°) 


— tan (x—45°) tan (x + 45°) tan x 


. tan(x 1-a) + tan(x—a) = 2cotx 

• .-rbE 




_ Chapter XIII. Inverse Trigonometric Functions _ 87 

896 - tan (f- 45 °) - un ( 45= -f) 

897. Otfx + tin'(* + $)-{ 

897a. sin* x + sin* (x + x) + sin * (* ~ T) = 1 

Solve the following systems of equations: 

899. x-|-y = a; sinxsin y = m; 900. x-fy = a; tan x + tan y = m 

901. x + J = x : t an * + tan » =1 

902. 2 ,,d * +C 0S1 '=1; 16 si " 5 ' + “ s ’ ! ' = '4 

903. sinxsiny = -jy=-; tanxtany = | 

904. sinx =2siny; cosx = ^cosy 



Compute: 
908. si: 
910. cc 


t (-!)]; 909. sin[iarcsin(-^l)] 

)S ( -i-)]; 911. tan (5 arctan arcsin 3£?) 



912. sin ( 3 arctan V"3 +2 arccos y) 

913. cos |^3 arcsin Jyl-f arccos ( — i-JJ 
Prove the following identities: 

914. arc tan (3 + 2K2) —arctan^=_5- 

915. arccosl/4_arccosJ!%t.=-5- 

V 3 2V3 6 

916. arcsin y 4- arcsin ^ + arcsin— = —■ 

917. arccos y -f arccos ( — y) =arccos ( — j|) 

918. 2 arctan y -{- arc tan -i- = arc tan || 

919. arctan y + arctan y + arctan -i- + arctan y = y- 

Solve the following equations: 

920. 4 arctan (x 2 — 3x—3) — it = 0 

921. 6 arcsin (x 2 — 61 + 8.5) = n 

922. arctan (x-f 2)—arctan (x-f 1) =-5. 

923. 2 arctan y — arctan x=-|- 

924. arcsin — arcsin J/1 —x = arcsin y 

925. arctan ——arctan = arctan x 

b a + b 

926. arcsin 3x = arccos 4x; 927. 2 arcsin x = arcsin]yy 
928. Solve the system ot equations 

* + y=arctany^^-, tanxtany=a a (|a|<l) 


ANSWERS AND SOLUTIONS 


PART ONE 

ARITHMETIC AND ALGEBRA 


2. 29 £ 

3. 365-| 


7. 23.865 

8 . 36 || 

9. 599.3 

10. 84.075 

11. 2.5 

12. 2II 

13. 0.0115 
2 m 


ARITHMETIC CALCULATIONS 


15. 38 if 

16. 6 

17. 700 

18. 100 

19. 10 

20 . 7j 

21. 5 

22. 3 

23. 2j| 

24. 5 


31. 4 

32. 4000 

33. 66 

34. 2 


39. -i 

40. 2-i 


41. j 


26. 10 

27. 1 

28. 1320 

29. 11 

30. 250 


42. 1301 

43. -20.384 

44. 2.25 


























Solutions 


68. Rationalizing the denominators, we get 

n/5-ii)(V5+«)=-ii5 

69. The dividend is equal to V g —h + l/o + h . ,| ]p divisor, to 

N“ yTY"** : the i uotfenti to • 

Note. For all the given roots to be arithmetical the following three conditions 
must be simultaneously satisfied: <? > 0, a — 6 > 0, a -f 6 > 0 (they may be 
replaced by the following two conditions: a > 0, | b \ < | a {). 

Anmer ' VT=l ' 


70. The dividend is equal to ‘jrr-y - ; the divisor, to ^ ; the quo¬ 
tient, to —. The quautity a may have any positive value; b may have any 
value, except^ for ± ~[/o. 


71. The numerator of the first fraction is reduced to the form 

(vr^) s +n/n^r- ii+«i+u—. i 


If the expressions i + o and i — a 
on page 90, Item 3) the numerator is 


condition the denominator is equal to - — .-=. - 

Vi-<■* 

fraction is equal to —, and the given expression, t 


ice Preliminaries 



Note. For the radicals contained in the given expression to be arithmetical 
roots it is necessary that the quantities i -f -a and 1 — a be of the same sign. 

But it is impossible that both of them are negative, since i -f a < 0 if a < ~i 

and 1 — a < 0 if a > i, but these conditions are incompatible. For the quanti¬ 
ties 1 f a and 1 — a to be simultaneously positive the following condition 
should be fulfilled: —1 < a <1, i.c. | a | < 1 (the values a ~ ± 1 are exclud¬ 
ed, since at each of them one of the given expressions '- a , loses its sense; 

the value « — 0 is also excluded, since the fraction — loses its sense). 





Chapter 


Algebraic Transfer 






By analogy, 


ice, by the additional condition, fc>l, then the quail 
1 1 — k, negative. Therefore (1—x2) 2 = . In: 

get , inside the second, . The given < 

Answer: (l-f y> =~) • 

76. The expression in the first parentheses is equal t 


be arithmetical roots only if —1. At this condit 

V(« 2 -l) (a-l)=V(«-i) 2 («-H) 

also be an arithmetical root (since the factor (a —1) 
The equality 

y (a _i)* (<■+!>=(«-«> V^+i 

10 only for a : 1. It o<l, then 

yia—i)*(o+i) =-(«-!> vt+i 





■s and Solutions 


the denominator becomes 


-[/ab ) 


2ah (ys (Va+Vb) + Vb (y;+ yn > y: 

Now the given expression is equal to 


)=w= 2Val 


Raising it to the power — 


le first parentheses is reduced tc 

2 -y^ 


Similarly, the expressio 


r simplification the last addend takes the f 


_ 2Vx2+a 

L 2( I + yinrT). 


denominator and summing, ' 


6 . Substitute into it 


3 b-. The given expres- 








ie dividend and divisor are respectively transformed t( 


Taking into account that (a 2 -f d 2 ) (a 2 —ft 2 )=a 3 —6 s , > 


in the form 6<t 2 6 2 -|-9&=3& 2 (2a 2 -}-36 2 ); and the divisor, a 2 (2« 2 + 36 2 ). The 
quotient is 3/! ; at the given values a = 54 and 6 = 6 it is equal to 1. 

a/I : , 

92. Multiplying both the numerator and denominator of the given fraction by 











arithmetical). 


The given expression then takes the form 

101. Represent the dividend and divisor, respectively, in the form 

-ya ays . i'id'a-yi) 
a+V“b vz+vv ’ «-<> 

The ijuotient may be reduced by (l/o+VFHy'u —>/T), taking into 
account that 

u-6=(y;+V6)(y;-V6)=(Vi+-i/6)(^+rb)(*/s-?^) 

Answer. a‘y b ({•"i+ 4 /b)- 

102. Represent the given expression in the form 

[ (V^ + ClA ) 3 . a-VaVi+b f 

L V= ■ V~°(V;-Vb)J 







(VS+VJHVS-V*)— 


i03. Reduce the fraction - 


by y x. The bracketed ex press1 
this fraction by \ / x-j-2- T 


is reduced to the form - 
given expression is equal to 

*+4| 

It is assumed that x>0 (at negative x the root > x will not be arith¬ 
metical; at x — 0 the given expression loses its sense). Therefore x-{-4> 0. 

104. The bracketed fraction is equal to 

2 (Vx + Vi) 2 

VxCVx+yn) Vx 

The given expression is equal to 

Answer: 32x. 

takes the form 

[- t - + ±fte.]-.( T i r )--v= 


The second factor is y' “) • Since j/*~ is an arithmetical root, 

the expression 1 +j/^is always positive. 

■/4/isuJcr: ~\/a (l/x -f- ~]/a ). 

106. The quantities a and c must he positive. Therefore, the denominator 
of the first fraction, which is reduced to the form 

1/2 (a — b~)--\-8at>z = 1/2 (« + **)*, 

is equal to l/2(fl-ffc 2 ). The numerator of this fraction is equal to \/3 (a 
The second fraction is — Vi.v«. 

V3 






107. The minuend is equal to 


I/' 


108. The bracketed expression is equal 

... (Vx-Va) 2 


T —r ; raising to the 


Vx-Va ■ 

On reducing by V* + V* the divisor is 


y*-VZ 

Vx-Va 


(2;'7) 3 + 4i + 4 + (Vi + l)= = 5x + 10l/a:+5 

r:5(V^+0 S . 


. Reduce the second fraction by z 3 . The given expression takes the form 

II. The first factor is equal to Squaring the bracketed expression, wo 


ie difference x — £ a=x 3 —a 3 ; the numerator of the fractioi 


3jt— 3 « 3 3x 3 a 3 
>r being equal to 







Reducing the fraction, we get- - . The given expression is equal to 

+ ]/[('■+*)¥: « = 1 

Answer: 1. 

113. The numerator of the first fraction is equal to 

a + 2 V^-3b = (ya)- + 2 \/l yi -3 (Vh)M V« + 3 Yb)(\/7- \'h) 

114. The denominator of the first fraction in parentheses is 

(«¥ 4 . « V - G <tr )* - (a 2 - 26') (a 5 4 .36 5 ) 


The denominator of the second 
are factored in a similar way. 



fraction is equal to (a 2 + 36 2 ) 2 . The numerators 


115. Reduce the fraction in parentheses by V a + V*- The first of the 
fractions entering the given expression is equal to 

:iVa(a-V^ + b) _ 1 

3V5i(v«) 3 +n/i) 3 i" Va+ vs 

The second fraction is equal to 

ymyb-Va) 1 

^ ^ yj<»-<,) yi+yi 

fl7. Get rid of negative exponents. Factor the expression 
“ 2 -<> 5 = (»¥-(6 5 ) 3 

118. Transforming the first bracketed addend, we get 
_ l-o* _ 

ya [(, 3 ^) 2 + J^+i|l(; Jf- i v+i| 

The numerator of this fraction is equal to 


(t-e)(f+«) = [f_({^ ) si|, +(ir - )31 

sum and difference of cubes. 


Factor the 



110 .4nsu?ere and Solutions _'__ 

119. Factor out y'a in the numerator of the fraction. The multiplicand 
is equal to y'a— f'^r, and the multiplier, to 

4(V^+V“ + > / '**>- 

Answer: 4 («—x). 

120. Represent the fraction in the form 

V;i Sf- Ly;(>+y; v » +m 

The expression in the first parentheses (the dividend) is equal to 
Va(a -f 2 V« } b + J 'P) = y«(l/fl-f Vbf 
The divisor is equal to ~\/a{~\/a- f , J /r 6). 

121. The denominator of the minuend is equal to ~\/a yx(ya-f> x \ and 
the numerator, to V“ y'x KV») 3 +( f Reduce t he minuend to the form 
a-yzyi+yz. The subtrahend is equal to F (a + Vx ) 2 = [a -f V xI. 
Instead of the latter expression we may write a + Vx, since a+V* is a posi¬ 
tive quantity (the quantity a cannot bo negative, since the given expression 
eonlate V«K 

122. The factors of the denominator arc equal to i + y x and 1 —{ x. 
The numerator may be represented in the form — x(l — y x). 

123. The numerator of the bracketed fraction is equal to 

{(> o+ yv )+& (r«+vs)=(>+y 5) k +c vs ) s i= 


= (} a + 1/6) (i« +Vh) (Vi- vs VE+h) 

The given expression is equal to 



124. The numerator of the minuend is equal to 

(Vi) 3 +(?x ) 3 vss(ys-;x) 
(vi-nr- 


125." Kirs' add the firet two fractions; the common denominator is equal to 

|(a J +t) + a 5 l[(a : *J-l)-aSl-(a 5 + l)=-a i =a 2 -fa 5 + l 








132. The first addend is equal 


133. The first addend is equal 

134. Answer: . 


; the second, to —- . 


ALGEBRAIC EQUATIONS * 


133. Write the fraction in.the form 1+^ry . Then the given 

equation takes the form 

aJA—3a) y 7 a 


' u 3 (6—3a) ■ 

. 76 (6—a) 

Amwer: “ = 3(6-3o)- 

136. Gel rid of the denominator (the common denominator is i 

137. Solving the given equation by the general method, we get 

Zabc±ab (a + b) + bc (fr-f c)-j-co (c + a) 


This fraction may be reduced by factoring the numerator (represent the expres¬ 
sion 3 abc in the form of the trinomial abc 4* a be + abc and group each of the 
successive terms with abc). We get 


The solution is simplified with the aid of the following artificial method. 
Represent the addend -—-—- in the form -—^— 1 —^ f a,l( ^ perform 


in solving problems of the present chapter we do not consider singular 
of the known quantities, at which a given equation loses its sense or lias 
ntion. or acquires more solutions. 

: instance, in Problem 135 the given equation loses sense at b — 0 and 
- a — 0, since at 6 — 0 the denominators of the first and second terms 
[. and at b —- a — 0 the same happens to the last term. Furthermore, at 
the given equation has an infinite number of solutions, because it takes 
rm 1 — 1, becoming an identity. Finally, at b — 3a the given equation 


is reduced to the form 0 
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Answer: x®-2 a. 

<47. Rewrite the equation in the form 


« 2 +*M -ox + a 2 -f x 2 —ax x(a<-f-a 2 x 2 + x*) 

The common denominator of the left member (a 2 -J-x 2 4-ax) (a 2 -fx 2 -~ax) 
may be transformed to 

(a 2 + * 2 ) 2 - (ax)2 = a* + a 2 x 2 + z 4 

We get 

2c 3 3a 

a* a 2 x 2 -f- x* ~ x(a* + a2x24-x'») 



148. Transpose the terms containing the unknown to the left side of the 
equation, and the constant terms, to the right: 


After factorization of the right member we obtain 
(« —b — i) V7 = (a + 6) (a-6-1) 

Whence we have “]/x = a -f 6. 

Since the expression ~[/x means the positive value of the square root, for 
a-}-6-<0 the problem has no solution. 

Answer : x = (a-f6) 2 (if a + 6>0). 

149. Getting rid of the denominator and collecting like terms, we gel 
2x2 + 6ax + 3a2 = 0. 

Wr: ‘ ( Vf-3> : °00,+ 3 > . 

150. The common denominator is 4 (x+6) (x—6). Simplification yields 

12x 2 -46x-62 = 0 
Answer: xj = ; x z — — -g- • 

151. The common denominator is (x—a) 2 . Getting rid of it, we obtain 

( X - a ) 2 —2a (x -a) + (a 2 -6 2 ) = 0 
From this quadratic equation we find 


152. The common denominator is 6c 2 (a—26). Rejecting it, we get 
(cx) 2 — (a—26)* (cz )—6 (a — 6) =0 
From this equation we find 
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quadratic equation in the form 

(* _ Xt ) {x _ X2 ) ( X 4 Xi ) (x + x 2 ) = 0, i.e. (x 2 - xf) (x 2 - xf) - 0 


X 4 — (xf 4 x i) x2 4 x i x i — 0- 

But, by hypothesis, 

x ?+*?+( “ *i) 2 + (-* x z) z — 50 


*}+*!= 25 and x?xf = 144 

Answer: x 4 — 25x 2 -f 144 = 0. 

177. If an algebraic equation (with real coefficients) has a complex root 
a + W, then the conjugate complex number a — bl will also be its root. Thus, 
we know two conjugate roots of the given equation: 3 4 i V6 and 3 - i V?. 
Both of them can be verified directly, but it is simpler to accomplish the follow¬ 
ing transformation beforehand. 

According to the remainder theorem, the left member of the equation must 
be divisible by the expressions i - (3 + i V&) and x — (3 l V^)» and con¬ 
sequently, by their product as well, i.e. by l(x — 3) — i Y 6] ((x — 3) 4 i Y&]*= 
= x 2 — 6x -f 15. On dividing, we factor the left member into two factors: 

' ‘ - 24xf + 57x 2 4.18* - 45 (x 2 - Gx 4 15) (4x 2 - 3), and the given 


-VL, 


178. By hypothesis, x = 2 must satisfy the given equation. Therefore we 
have 0-2 3 — 7-2 2 — 16*2 + m = 0, whence m - 12. We got the equation 
fa 3 — 7x 2 — 16x +12 = 0, one of the roots of which is equal to 2. By the 
remainder theorem the left member must be divisible by (x - 2). Dividing, we 
find 6x 2 + 5x — 6. Consequently, the equation may be represented in the form 

179. Substituting x — 2 and x = 3 into the given equation (see solution 

of the preceding problem), we get V . 

4*4#“ 10 and 9/n 4 n = -15 

*'* m ' !>S ^ f " d m • " 5 ’ "'■“'"■“" d he b d a ivisiWc e 2y a x - 2 and 







f94?Squarc bot h mem bers of the given equation. After the identity transfor¬ 
mations we get V28 — x ~ V?* la squaring this equation an extraneous 
root may be introduced which satisfies an equation differin g from the given 
one only in the sign of the right member. The equation V2 8 —x = ~\/l h as 
the o nly root x = 21, which is not an extraneous one, since /21/7 + 1/21 > 
>V 21/7-1/21. 

Answer. i = 21. 

195. Rewrite the equation in the following way: 

2 V *+l/s 

Get rid of the denominator; this may result in that an extraneous root x = 0 
ot her extra neous roots, because x = 0 is the unique root of the equation 
Vx+Yx = 0 (sec solution of Problem 143). 

After simplification we get the equation 

2*—2Vit-i-l/i = 0 

one of the roots of which is r=0. But this root is an extraneous one, 
since at i = 0 the right member of the original equation loses its sense. 

Yx (21/5— 2 V*=T —1) = 0 

Solving the equation 2 l/i-2l/i=T-l = 0 (see solution of Problem 









First method. Reject the denominator: 3 1 + ( —) =5- 

member is positive; hence, the right member is also posi 
yields (-~) 2 , whence(the value —is r 


bracketed expression cannot be negative; therefore 

F /i +(t) 2 -t = t or V / ' 1+ ('f) i “4 

aring yields: 1 + (t) 2= T + 1T + (4") ’ whenca T 


n a z x~ — ax is always positive; therefore 


Further computations show that the given equation is 






nator of the left member,^ and reduce the fraction by this expression*. 

After performing these operations we get 

1 /T+i+VT^Tc 9(^c+c) 

-V7+'--\/—c ~ 8c 

Then rationalize the denominator. After simplifications we find 
8 c 2 = x-f9c. Hence, x = ~ or x =—|~c. 

A check shows that both values satisfy the equation when c>0 and do 
not satisfy it if c •< 0. 

Answer : At c>0 we have and x 2 =—|j“ c * M c<0 the equation 

has no solution. 

201. Transform the first radicand in the following way: 

x +z-Ay—i= {x -i)-ty—i+4^(y—\-2f 

Similarly, the second radicand is equal to (V* — 1—3) 2 . The given equation 
takes the form 

| y^_ 2 |+| 1/7=7-31=1 ( A) 



yi— i- 2 + yi-l-3 = l, or y*-l-3 
This result does not agree with the condition ~]/z —1>3. 
In the second case the equation (A) takes the form: 


— (V*^T—2)—(Vx-1-3) = 1 or Vi=I-2 

This result does not agree with the condition ~]/x —1<2 either. Consider, 
finally, the third case, when the equation (A) takes the form: 


This equality is an identity, hence, the equation (A) is satisfied by all x 
for which 

2<y^r<3 

Since ~]/x —1>0, all the three membors of the inequality may be squa¬ 
red, and we find 

5 <*<10, 


tained equation ha d^yi elded x= — c, this value would not have c 
the given equation. But, as we see below, we do not obtain such 


If the solution of the ob- 



and Solutio 


i.e the solutions of the given equation are contained within the range bourn 
by 5 and 10 (the values 5 and 10 included). All of them are the solutions of 
given equation, since they suit the third case, when the given equation 


bounded 


(A) 


been mes Identity (B). 

202. Square both member s of the equation, transpose all the terms to the 

VTR( 4V^+4V^-VJ)=0_ 

This equation decomposes into two. From the first one: Vs + * = 0, we find 
x = —a. A check shows that with a > 0 thi s valu e satisfies the given equation. 
It o < 0, the equation loses its sense ( since Va — a becomes an imaginary value). 
The second equation is 4 (Va + x + Va — z) = ~\/z. If it is solved as^in 
Problems 183 to 187, we get (besides the extraneous root x = 0) x = ■ 

the second equation has no solutions at all. We may make sure of this fact more 
easily, if the following method of solution is applied. Let us transform the second 
equation to 


Va + a-Va-x 

which is done by multi plyin g and dividing ~y a+z+~\/a— x by ^e conju 
goto expression Va + a—Va—a. 

Dividing it by V* (w hich is p ossible without losing roots, since a = ( 
is not a root), we get \/a+x— V«—a = 8 Vz. Subtraoting this cquatiot 
from the above obtained V“+ I +V“— x =~£ V*« we find 

2VS=S—|vs 

But this equality is impossible, since its left member is a positive number 
whereas the right one is negative. Suppose, neglecting this fact^we square botf 
members. This operation would yield an extraneous root a = ^ “• 

Answer: If a is positive, then a = -a; if a is negative, the equation ha: 
no solution. 


err: a=<^ (f. 
i the equation has 


represented it 

S1=V5 






Answers and Solutions 


By virtue of the giv en equatio n the bracketed expression may he replaced 
by the expression V 12(x—1). We get 

yf x{2x —3)-12(x—1) = 3 (*-l) 

Cube it. Transposing all the terms to the left, we find 
(x—1) [12x(2x—3)—27 (x—l) 2 ]—0 
This equation is decomposed into the following two: 

i-l = 0 and i2x <2x—3) — 27(x—1) 2 ==0 
Check the found roots.^ 

vuTsolved - in the same wav as the preceding problem. 

, _ , _«+& 

Answer. x,-o, x s _o, x 3 - i . 

212. Put y'x—z; then 1^x2=; 2 . Substituting into the original equation, 
we get 2i 2 -t-i—3 = 0, whence x s = 1; =;=—y 



ime way as the preceding problem. 
125 

~T- 

then ’Ya+xr^i 3 tmi y / a + x=s 1 . 


215. Put y ypj- 2 : tbcn ^l // ^2x + 2 s 


number 




Chapter 













134 




1/113 ’ 

-3, ,= -2 (4)*=--P= 
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. -7 + V113 —7 — 1/113 . 

(7) z-2 S = -2"3'- 

(a) T _ -7-VIT3 y , -7 -1 TiTi s __, 

246. Subtract first the second equation and then the third from tJ 
one. We get 

(a 3 - 6®) -f (a 2 - 6*) x +<*-*) tf = 0 
(*3 _ C 3) -|- (** _ { -2,/|( fl -c), = 0 
Reduce the equation (a) by (a — b) and equation (b), by (a — c). We ha 
(fl® + + 6 a ) -r (o -r b) x + y = 0 

Subtracting (d) fi 


(ab—ac + 6 2 — c*) + (b— c) x = 0 
c = ——— ~7T~r -—— — (a-rfc-f-c) 


The unknown y is found from (c) or (d). Now find z 
equations. 

Answer: x=-(a + b + c) 
y=.ab-\-bc + ca 


te get the following system: 




Hence, * = 17; y = 6. 

4n«wr: x = l7; y = 6. 

248. By virtue of the second equation the first one may be rewritten in 
form 10—2 ~/xy — 4. Hence, xy =9. We get the system 


nt The first equation takes the form z—2-4--—=0. 

■ 1, **e. jf From tk* 3 equation we find y = 2x and substi- 



V^+^=(VIT+5)b-i 
ins (a) and (b): 
y~= —64a2+lBai 
!/2=n/4T+5) s o=-2(V4l + 5) 
>') and (b'). we get 
(130+10 l/4i)o2 = (26 + 2V4i) 












Answers and Solutions 


LOGARITHMIC AND EXPONENTIAL EQUATIONS 


ro solve equations containing logarithms to different bases (see, for example, 

jlems 267, 268, 3C" - -.- - s “* - n 

logarithms to — 


Explanation. According to the definition of the logarithm, log 2 8 is the expo- 
indicating the power to which it is necessary to raise the base 2 to obtain 
number 8, Thus, symbolically, log 2 8 = 3 is equivalent to 2 s — 8. But 

last equality may be written in a different way: f/8 = 2, i.e. 8 3 = 2. Hence, 








Answers 








Logarithmic and Exponential Equations 
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y(y+ 5) .0.02 = 

of the preceding problemf. 2 
Answer: y = 5. 

263. We have 

log (35 — x 3 ) — 3 log (5 — 


1 or y- + 5y — 50 = 0 
i. The second root does not suit (see solution 

a) or log (35 — z®) = log (5 — x) 3 
x) 3 or x 2 - 5x -f 6 = 0 


264. Transforming the bracketed expression, we get 
. (3a -b) (a 2 +ah)-i b (a-fc) 2 

b 6-2 ”«(e+6) 

Then the given equation takes the form 

l + log j = -jlog -y 1 °g fe +4' lo g[ <l (0+6)(0—6)] 

Applying the theorem on the logarithm of a product (and of a fraction) to the 
right member, we obtain 

1 -f- log x = log (a — b) — log b 
Substituting log 10 for unity, rewrite the equation in the form 


log 10+ log x = log (a— b)~ log b or log(10r) = log 



265. The given equation may be represented in the form 

log (*~ yfeH 08 /" 14 - t +Y o *V °-r&r 

wherefrom, taking antilogarithms, we find 



y— a 













2 v *-5-2 2 - 24 =0 

Since 2 ,,JC = (2 2 ) 2 , then putting 2 2 =z, wo have the equation z 2 —5z— 
— 24 = 0, whoso roots are Zi =8 and z 2 = — 3, Taking S| = 8, we get the 

equation 2 2 =8, whence -—- = 3, i.e. * = 30. 

The second root z=—3 leads to the equation 2 2 — —3 which has no 
solutions since no power of the positive number 2 can be a negative number. 

288. Find successively (see solution of the preceding problem): 


2 log log (5*' x +l) = log ( —!=■+5 ) 







152 


atilogari thins (cf. solution of Problem 288), v 
■ ) V4 Ji +i_ 2 4-Vix+i 


Getting rid of the dene 


) H- log (x — 6) -f log 3 


6 V45+T_ 16 = 20 o, i. 

ice z=2. 

96. Represent the given equation in 
4 log 2 -f 2 log (t — 3) = log (7z 
ice, taking antilogarithms, we find 

2* (z - 3)"- = 3 (7* + 1) (z - 6) 

roots of this quadratic equation are z, = 9; z 2 — —3.6. The second root 
not suit, since it yields x — 3 = —6.6, which means that the expression 
t — 3) has no real value (the same can be stated about the expressions 
7z + l) amHog (z - 6)1. 

•5*-“) = —legs 0.2 - log, (1 - 5*- 3 ) 

120 + log 5 + log 5 0.2 = 2 log 5 (f — 5*-“) — log 5 (1 — 5 1 * 3 ) 


120-0. 


S. The give 





300. In algebra, consideration is usually g 
positive numbers to positive bases, otherwis 
logarithm. Therefore, we consider the known 
bases) to be positive; the unknown quantities r, 


This 



x-j,=ij, = -2 + V5>0 

The second one gives us 


2-T/5<0 
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i.e. u — v. Substituting it into the second equation, we have u* -f u — 12 — 0. 
Only positive solution is acceptable (see solution of Problem 300). 

Answer: u — v — 3. 

311. Put yfa= u; then 

Va=J 


Consequently, 

We get the following system: 


md equation may be writt 


X+V =7% 

ih is equivalent to the given one. Squaring the equation (2), we get 

* 2 + 2*»+» 2 =-^- I 

erecting (1) from (2a), we find 


re obtain the system 


I -4 


is compared with equation (2). For instance, the values x 









318. The given system is reduced as follows: 

f y^=4-y: 
uy^-3+yp 

Putting yi-u\ y» = u, wc get ui> = 4—u; 2» = 


identity (at a ? 6 = I). In the latter case the original sj 
number of solutions U is an arbitrary number, and J — - 


x— P9 ~ya q b, y= n '^bf‘a (pq 1). 



Answers and Solutions 


321. By hypothesis, 

«i + («i + d) + (a, + 2d) + (a t -+ 3d) = 26 
a* («i + d) (, a , + 2d) (a, + 3d) = 880 

The first equation gives 4a t + 6d = 26, whence a t ~ . Substituting 

;o the second equation and simplifying the parenthesized expressions, we 




Getting i 
third), \v< 


13±d 13±3d_, 


find: 


9d 4 - 1690^ + 14 481 = 0 
ts of this biquadratic equation by d 


Denoting the rc 

d'~3; d* = •— 3j cr=! -~ and d"" = —L..^ ; f rom the equation a 

__ 13-—- 3d we j in( j t j ie correspon( jj| n g values of the first term: 

, „ „ in 13-V1609 „„ 13 + 1/1609 

0l = 2, «, = ll, «,=-g- : a * =-2- 

Answer: the problem has four solutions: 

(2) 11; 8; 5+fc -I;... ^ 

3 13-V11109 . 39 —V1603 . 39+VT609 . 13+VI609 . 


^ 13+~\/1609 . 39+ V'1609 39—Vl609 13—VI609 , 

22. Denoting a p and o, by a, and <f, we get (by hypothesis) the following 
/ a, + A {p - 1) = , 
l a, + d (, - 1) = p 

o. d — — 1 and a, — p + q — 1. By the formula (1) we find: 


323. Natural two-digit numbers form an arithmetic progression with com¬ 
mon difference d 1: its first term a, - 10, and the last one a n — 99, By the 
formula (1) we find the number of terms n ~ 90. The formula (2) gives: 





























Chapter 



a, + a 2 + u 3 = 20 + 10 = 30 


Then proceed in the same way as in (he preceding problem. 

Answer: 2; 6; 18 or 18; G; 2. 

356. Suppose the required numbers are: u,; u,q; mq s ; then, by hypothesis, 
the numbers m,, u,q and (u i q i — 64) constitute an arithmetic progression and, 
consequently, 

Furthermore, by hypothesis, the numbers ur, ( u x q — 8); — 64) form a 

geometric progression and. consequently, 

( u x q — 8) : m, = (m,</ 2 ~ 64) ; (uj? — 8) (2) 

After simplifications the system of equations (1) and (2) takes the form 
Ml (9 s —2r/ -f- 1) 64, Ml (<7 — 4) = 4 

whence q — 13 and u t « -s- or q ~ 5 and o, — 4. 


357. Suppose the required numbers arc: u t . m 2 and w 3 . If these numbers are 
the terms of a geometric progression, then 

Ml - M,M 3 (1) 

and if they are the terms of an arithmetic progression, then 

2u 2 = «, + «, (2) 


Eliminating u 2 from 
Answer : possible. 



ie three numbers 


-f « 3 ) 2 - 4 «iu 3 or («, - utf 
— u,. Hence, ui = u 2 = u 3 . 


COMBINATORICS AND NEWTON'S BINOMIAL THEOREM 


Notation: 

A~ = total number of permutations of m elements taken 
P n — total number of permutations of n elemetns 
C'J,= total number of combinations of m elements taken 
That = C^ai‘xm-h is (fr-ff)th term of the expansion of the 



binomial (x -f 







P M2 ~ 3 1-2-3 ... b(«+1)(/i+2) 30 

whence (n + 1) (n+2) — 30. The roots ol this equation are: n t = 




This expression contains a to the power - 


M/yr)'(Vw r 





**y hypothesis. 
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th factories togethe 
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Answers and Solutions 


434. Suppose the cyclist travelled at a speed of t> kni/h; then the required 
speed was (t> — 1) km/h. The cyclist actually travelled 5? h, while the schedu¬ 
led time was h. By hypothesis, 

30 30 3 

v —• 1 v 60 

The negative solution v — —24 is not suitable. 

435. Let the scheduled speed be x km/h. The actual speed was (z + 10) km/h. 
The scheduled time is -i-h, but actually it was x ^° ig h. By hypothesis, 

?-xpo=S 

Answer: 50 km/h. 

436. The first half of the distance was covered by the train in x hours. Then, 

to arrive in time the train had to cover the remaining portion of the route in 
ar hours. The speed of the train in the first half of the route was — km/h, 
in the second, km/h. By hypothesis, 

X ~T 

420 420 

X ~2 

The equation has only one positive root. 

437. Let tiie speed of the first train be x km/h, that of the second, y km/h. 
In the first case the first train covers JOx kilometres before they meet, the second, 
10;/ kilometres. Consequently, 

lOx -r 10y = 650 

In the second case the first train covers 8x kilometres, and the second (which 
spent en route 8 h -f 4 h 20 min — 12 ~ h), 12 y y. Consequently, 

&r-f 12-iy=650 

Answer: the mean speed of the first train is 35 km/h, that of the second is 

438. Let the speed of the first train be .r km/h, and that of the second, y km/h. 
The distance of 600 km is covered by the first train in — hours, and by the 


s. By hypothesis, 
























ted the job in 1/ — 4-~ days. Hence, 10 J (y—4-i) = *. The other condi¬ 

tion yields the equation ^ — — 5 j (y + 3) = ar. We get the following system 


f iOy— 


Multiplying the second equation by 2 and adding the product to the first one, 
we get — = 50. Substituting this value into tbe second equation, we find y = 
— 27. Consequently, x — 50y — 4350. 





























_ Chapter VII, Algebraic and Arith metic Problems 197 

We get the following equation 

i(G4-*)* = 49 

480. Having poured x litres of alcohol into the second vessel and made 
it full by adding water, we have in the second vessel ^ litres of alcohol per 
litre of the mixture. Then x litres of the mixture, containing — * = ~ litres 
of alcohol, is poured back. As a result, the first vessel now contains 120 —x -f ~ J 
litres of alcohol. Then 6 — litres of the mixture is poured out from the first 

vessel make ^ of the total amount of the mixture 1. Thus, the amount 


of alcohol is reduced by , i.e. now the first vessel coni, 
litres of alcohol. Since the amount of alcohol contained 
stant and is equal to 20 litres, and by hypothesis, both 




ig amount of alcohol (i.e. 


1 ( 20 -*+^) = 


*cl, and the same amount of nitro- 

.. .ining amount of air of (8 — x) litres contains 

(8 — x) 0.16 litres of oxygen. Thus, 8 litres of the mixture contains this amount 
of oxygen, i.e. 1 litre of the mixture contains —— ^ 1 of oxygen. Con.se- 


~ ,. r ^ • 1 .(8— x) — (8 — xf 0.02 litres of oxygen. Hence, in relation 
the total amount of the mixture (8 litres) the oxygen content is 
xioo^.g-^ . By hypothesis, <2^ = 9. Out of the two roolu (,, - 
ar* = 14) only the first one is suitable, since it is impossible to let out m 
Answer: 2 litres. 

482. Let the first woman have x eggs, and the second one, y eggs. If the fi 
had sold y eggs, then, by hypothesis, she would have received 72 roubles. Con 
quently, she sold her eggs at — roub. per piece and received — x roub. Reasoni 















Answer: 250 tons was unloaded during the first day, 200 tons during the 
second, and 150 tons during the third. 

491. Let the first solution weigh x kg, then the second weighs (10 — x) kg. 
The percentage of anhydrous sulphuric acid in the first solution is 0,8 ' 100 - = , 


492. The first alloy contained x% of copper, the second, (x -f 40) %. The 
st alloy weighed kg, and the second, kg. We get the following 


The freight 








Answer: tbe first crew can complete the whole repair job in 10 day* the 
second, in 15 days. 

497. Let the first portion of the goods ^amounting to ^-690 — 375 tonsj 

Then each 1-i-ton truck made (y -f 1) trips per hour. By hypothesis, the remain¬ 
ing portion of the goods (i.e. 690 - 375 = 315 tons) was transported in (x - 2> 
hours, the three-ton trucks making -j- 1) trips per hour, and l i-ton trucks 
(•J + 1) + 1 = (y + 2) trips per hour. Wo get the system of equations 

{ 5.3xy + 10-1 -I x (y-f-i)=375 
5-3 (jc— 2» d, + i) + 10.11 (i-2) ( S + 2) = 315 
After simplifications these equations take the form 
/ 2*0-f-X = 25 
\ 2x0 + 3x—40 = 27 
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sum, i.e. r ™ b - The prime cost of the rest of the goods is equal 

= m i'~m) roubles - The P rime cost ° f ‘he second batch sold 
amounts to 6% of this sum, i.e. to m (l-JL) A roubles. The profit made 
on selling the second batch is q%\ consequently, this profit amounts to 
m (‘-ISo) lTTifo r0ubles - Tte P rimo cost ot lh « goods is equal to 

m ~ W- m ( 1 -!5o)l® =m ( 1 -iSi)( 1 -I5j) ,oub - 


Let the remaining goods be sold at a profit of x%. Then the profit made on 
their selling amounts to m (l—j^;) ( 1_ J5o) 1® roub ‘ Tl ' c tolal l >rofit is 




[l55 ‘ m»+ ( 1_ T®) T53-555+ (*—lSs) (‘-fib) i5u J 

ntitv m is reduced. 

. -S-ai'-m)., 


et us assume that each of the cut-off pieces weighs x kg. 
brevity, let us call the first alloy (weighing rn kg) “alloy A ”, 
“alloy B". Out of the two newly produced ingots the first one 
' kg of alloy A and x kg of alloy B , and the second, x kg of allov 
• of alloy B. By hypothesis, the copper content in both alloys 
h is possible only if the amounts of alloy A and alloy B, contai- 
altoys, are proportional. We get the equation 



operation pile k had (y + x*) • 


oubles. By hypothesis, we have the equation 


(0 

A roubles must remain in the preceding (k — l)th pile, if it is not the first 
(i.e. if k =£ 2) (the money in the first pile amounts to A roubles only after it 
is replenished from the nth pile). Hence, prior to the shifting operation it had 
A 4- y roubles. By hypothesis, the money taken from it makes an nth part of 

y = i(.4 + j,) (2) 


Hence, Substituting it into (1), we get x k =*A. 

Thus, each of the piles, except, perhaps, for the second and first (previously 
excluded from consideration) originally had A roubles: 








PART TWO 


GEOMETRY AND TRIGONOMETRY 


PLANE GEOMETRY 

510. Let a and b bo the legs of the right-angled triangle and c, its hynoten 
By hypothesis, a + b + c = 132 and a" + b z -f c 2 = 6050. Since or + i 
= c 2 , then 2c 2 - 6050, whence c = V3025 = 55. Therefore a + b - 
Squaring this equality and taking into account the relation a 2 + 6* = 3 
wo get ab — 1452. Consequently, a and b are the roots of the equation 
*2 _ 7 7x + 1452 = 0 

Answer: the legs of the triangle are equal to 44 and 33 respectively, the 
hypotenuse, to 55. 



s=ad.bk=^L 


The diagonals are^found by the law of cc 
oc 2yp 2 + ni2—2mpcosa 
AC 21/^+"i=+2mpcosa 


|'J Pi | 





























Answers and Solutions 


m 3 =im 

e /WA’ = 2 VS? (see Problem 553), we have 

2yfeH-2-y5=2-y«, 


v*= 

r: the radius of the circle is 


y^ 

ys+yr 


e ,s (ys+yr) 2 • 

556. Since 5 = -^-a6sinC, where C is the angle between the chords, the 
problem has no solution for <$> — </&. If 5<-ia6, then we find sinC = — , 
and there exist two triangles with the sides a~and b and ai 



a the other it is 


obtuse. In tl 


first case cosC= 
cos C - - 




in the second 

c2 = a 2 + ft2 _ 2a& cos C = «2 4. zp 2 _ 452 

(the minus for an acute C, the plus for an 
obtuse one). At S — ab we get a right-angled 


found by the formula R — —- , 

Answer. IU= at *' «- + ^+^V a2bl - isl . , For s > 1 ah there is no solu- 
tion, for S <*^- ab — two solutions (the minus sign if the angle between the 
chords is acute, the plus one if it is obtuse). At S — a& we have one solution 
(the chord s'a re mutually perpendicular). 

557. By hypothesis (Fig. 43), AiBi=a 6 = R, A«B Z = a 4 = R V2 and A 3 tf 3 = 
= c 3 -/?y3. The altitudes of the triangles OA%B i% OA z B z and OA3B3 are 

«ya . or rV 2 . 


; , respectively. Hence, v 


is of these triangles. 1 































































































altitude 


agonal pyramid always 
e. it is more than 120°. 


)iem 598. 



























































Stotal*=‘ 



685. Let LA (Fig. 162) be the acute angle of the rhombus, so that AC is the 
greater diagonal and LOAD = -S-. Draw MK x AC and MN X BD*. Let 9 
be the angle at which the plane EAC is inclined to the base. Then LMKE = 9 
and LMNB = 9. To determine H express ME and MN through 11: we obtain 
MK j= H cot 9 and MN — H cot 9; substitute these expressions into the rela- 



* In Fig. 162 MK should be drawn parallel to BD, and MN parallel to A C, 
nee the diagonals of a rhombus are mutually perpendicular (see the footnote 
















If both the numerator and dcnominatoi 
the formula for a sum of cubes), we gc 
Note. The angle p must exceed 45% : 


multiplied by (1 cos2P) (applying 


n the triangles AA,E and EAfi (Fig. 167)» \ 
AE — // cot a and EC = II cot p 




For depi 











































































342 Answers and Solutions 


AC = 2Jsin-7j-. Consequently, the triangle ABC is an equilateral one. 

Dropping the perpendicular DO t to the plane ABC and revealing congruence 
of the triangles DO t A, l)0\B % f)O t C , let us prove that .40, BO t — CO%, i.e. 
that O, i?. the centre of the base (thus, the pyramid DABC is a regular one}. 
Since the points A, B. C lie on the surface of the sphere, UA ^ OB - OC 
(0 is the centre of the sphere). Dropping a perpendicular from 0 to the plane 
ABC. let us prove that the foot of the perpendicular is the centre of the triangle 
ABC. i.e. coincides with the point 0,. Consequently, 00, (and, hence, 00,) 
lies on a diameter of the sphere (OF in Fig. 218). From the right-angled triangle 
OAF. wherein DF — 2 It. we find l- = DA- = 2/? *00,. The line-segment 00, 
may he related to l by another formula. Namely, 


DO^yADt-AOl 



Substitute this impression into the equality P - 2 / 1 . 00 ,. We find 
( .. 2fl ]/ 


Reduce this expression to a (orm convenient for taking logarithms. We have 
























and denoting tan — by z, we get the equation 


It decomposes into two equations, but one of them (z ~ 0) disagrees with two 
given conditions (the angle a must be non-zero). The other equation is reduced 
to the form z 4 — z- -f = 0, he. it coincides with the equation in the pre¬ 
ceding problem. We obtain the following two solutions: 



= cos 22°30' * 0.9239; 


tan -y - sin 22 ; 30' ^ 0.3827 

(hence a, * 85 28' and a 2 % 4153'). 

Answer: the same as in the preceding problem. 

At « 4 we have a, 2 arctan (cos 22 30') (« 85 28') 

2 arctan (sin 22 30 ) (* 4153’) 

760. The area of the axial section is Ml. The surface is nRl + nil-. By 
hypothesis. -— j — = /». If p is the angle between the axis ami generator, then 
H I sin p and II ~ l cos p. Substituting these expressions, we get 


-(«*-« 


wherefrom we determine the angle 45°—•—, and then the angle p. 

But the problem is solvable not at any n. Indeed, the angle p is within 
the range between 0 and 90°; hence, the angle 45"—(j- is between 0 and 45°, 
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Solutions 


We find (from the triangle AOD) 


r=R cos l AOR = R cos / ACO = R cos -y 
and (from the triangle AOC) 



The preceding equality takes the form 



Reduce the fraction by 1—sin-y (this quantity is non-zero). The equation is 
reduced to the form 


sin 2 -y —sin -5-+ db=0 


Answer: a, = 2arcsin-|- (as 112°53') and <xj = 2arcsin-g-(« 19°11'). 

768. Using the notation adopted in the preceding problem, we have y f? 2 //= 
= i..|nA Denote the required angle by |S ^in Fig. 230 P = ) . Thenr= 

= R cos P and 11 = R cot p. From the preceding relationship we get 3 cot fi — 
— 8 cos 3 (1 = 0. Multiplying both members of this equation by tan (i (which, 
by the sense of the problem, cannot be zero), we get the equation 
3 — 8 sin p cos 2 {1 = 0 

whence 

8 sin 3 ft — 8sin(S-|-3 = 0 

To solve this cubic equation we have to apply an artificial method. Thus, the 
left member may be factorized in the following way: 

8 sin 3 p - 8 sin P + 3 = (8 sin 3 p - 1) - (8 sin P - 4) = 

= |(2 sin P) 3 -11-4 (2 sin p - 1) = 

= (2 sin p - 1) |(2 sin p) 2 + 2 sin P + 1 - 4J 
Consequently, the found equation decomposes into two equations. From the 
first one we find sin p = y , and from the second, sin p = 3— (The other 
solution of the quadratic equation is not suitable.) A check shows that both of 
the found solutions are suitable. 

















and Solutio 


From the triangle OO t M t where OtJfsy, wi 


h=OO i ~~YOM^ — 0 t Jkf 2 ~rj/ r 1—2 cos 2 -2- 




JOS 2 — = ■*- r> COS 2 -y y — 


778 - We “ n , dra ' v two p |a nes perpendicular to the given element of the cone 
(CM in Fig. 240) and tangent to the inscribed sphere, the points of tangency IN 
“d JVi) bong on the diameter jV.V, parallel to CA. Let us first take the plane 
ND touching the sphere at the point N. The quadrilateral ONDK (K is the point 
of tangency of the element CA and the sphere) is 
a square, hence DK ■— ON — r. By hypothesis 
CD = d. Consequently, CK — d + r. From the 
triangle KOC we find 


Ff = CF=OF+OC = r+V(d+ r) 2 ~r 2 
From similarity of the triangles AFC and KOC 


AF-.tl = OK:KC 

1 r+V(d + r) 2 -i-r 2 ] 
d-f-r 

1 we get in the same ' 



Fig. 240 

If we take the plane 


KC = 
i=CD if 


r 2 tr+Vtd 


3(d+r) 2 




779. The centre 0 of the sphere (Fig. 241) lies on the diagonal AB. Indeed, 
the point 0 is equidistant from the faces /l,i„V,A' and A A,(1,0. Hence, it lies 
on the plane bisecting the dihedral angle at the edge .44,. Similarly, the point 0 
must lie on the plane bisecting the dihedral angle at the edge AN* Ami the two 
planes intersect along the diagonal AB. 

Let C and D be the points of tangency of the sphere and the faces AXUQ 
and AAjiVjiV, and r the radius of the sphere. Then OC ~ OD — r, and the plane 
ODGC is perpendicular to the edge AX, and also to the edge BQ t . 
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Note. The circle LKM inscribed in the triangle BCD is depicted as an ellipse, 
which is readily constructed without any French curve, if in addition to the 
points A\ A, M, another three points are marked respectively symmetrical 
to them about F which is the point of intersection of the medians in the triangle 
BDC. 

Answer: F- V* 'VH- ■ 


TRIGONOMETRIC TRANSFORMATIONS 


781. Express secants in terms of cosines to get in the loft member 



Since 

cos(i + a) = sin[^-(-=- + a)] = sin(i-«), 

the left member is equal to 

__?. . . _i- = _JL_ = 2scc2a 

2sin(£-a)cos(-f.-a) sin (-f--2a) 

782. Reduce the left member to a c on d io nator and bring 
2 sin a cos (a + P) to the fonn 

sin [a + (a+p)| + sin |a - (a + P)| = sin (2a P) + sin (-P) 

783. The left member is equal to 

2(1 + cos 2q) _ 2-2cosZg . 2cot a 
sin 2a 2 sin a cos a 

To pass over to the angle \ . use the formula cot 2v~ e< £ c * t $" ( tllc ““S 1 " 
*2" is denoted by <p). We obtain 



784. Dividing ,both the numerator and denominator of tho fraction in tho 
left member of the equality by cos a, wo get 
























CHAPTER Xn 

TRIGONOMETRIC EQUATIONS 

830. After simplifications we get sin ox — sin 3x = 0. Using the formula 
for a difference of sines, we have 2sin x cos 4x = 0, and the equation is reduced 
to the two equations: sin x = 0 and cos 4x = 0. From the first one we have 
x = nn (n is any integer), from the second 4x — 2.nn ± y — y (4n ± i), i.e. 


The expression 4n ± t comprises all odd numbers (the numbers —3, 1, 5, 9, 13, 
etc. are yielded by the expression 4 m + 1; the numbers —1, 3, 7, 11, 15, etc., 
bv tl: ' J ' *ead of 4n ± 1 we may write 2n 4- 




n is any integer, 
the equation in t 


following 
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Write the bracketed expression in the form 



Hence, the given equation is reduced to the following three: 

(1) sin-y-=0; (2) sin (-y+y) =0; (3) sin (*~5-) =0 
Answer: x = -?52-; x=y(4n-l); x = y (4n+l). 

836. The right member is equal to 

sin 190' - (x + 30°)J = sin (60 s - x) = -sin (x — 60°) 

The equation takes the form 

sin (x - 60 s ) = -sin (x - 60 s ) or sin (x - 60°) - 0 
whence x — 60' = 180'n. 

Answer: x = 60' (3« + 1). 

837. Replacing 2 sin 2 x by 1 — cos 2x, reduce the equation to the form 
2 sin 3x cos 2x — cos 2x = 0. This equation is reduced to the following two: 

(1) cos 2x = 0; (2) sin 3x = y. Since y is sin 30°, the second equation yields 
3x = 180'n + (-1)" 30° 

Answer: x = 45' (2n +1): x = 60'n + (—1)" 10 s . 

838. Rewrite the right member: 3 (sin x cos x — sin 2 x + 1) = 
— 3 (sin x cos x + cos 2 x) — 3 cos 2 x (tan x + 1). The given equation is reduced 
to two ones: (1) tan x + J = 0; (2) sin 2 x — 3 cos 2 x = 0. From the second 
one we get tan x = ± 1/3. 

Answer: jx = -y(4n — 1); x=y-(3n±l). 

839 We have the equation 


Since 2 cos 2 x = 1 + cos 2x, the left member is equal to 
(f + cos 4x)-f cos 2x = 2 cos 2 2x +[cos 2x 
We get the equation 

cos 2x (2 cos 2x + 1) = 0 

which is reduced to: 

(1) cos 2x = 0 and (2) 2 cos 2x + 1 = 0 


The second one yields 2x = 360°n ± 12 
Answer, x = 180'n ± 45 s ; x = 180'n 





id then the equation is solved a: 


Extraneous solutions have resulted from squaring h 
,-e introduced one more equation (in addition to the givei 
__j (which also yields sin 2* — 0). To inject extrar 










and reduce the given equation* to tan 2 *—4 tan a:-f 1=0. 

Answer. * = m. + arctan (2± 1/3). 

860. Since = T+cos7 an,i * CI = CQSX > we have the equation 



which is reduced to the form 

9 cos 2 * — 6cosx-j-i=0 or (3cos * — 1)2=0 
Answer: x = 2 Jin ± arccos 4- • 

861. The left member is equal to 
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INVERSE TRIGONOMETRIC FUNCTIONS 



906. The angle 9 = arccos x is found in the interval between 0 and 180° 
(by the definition of the principal value of arccos). Henc e, sin 9 is positive 
(or equal to zero). We have cos 9 = x, whence sin 9 = -f- yi — x 2 (the radical 
is taken only with the plus sign). Consequently, 



which completes the proof. 

907. See the solution of the preceding problem. 

908. Let us put arccot ^ = <P* thus cot 9 = — ~ . The angle 9 is in 

the interval between 90° and 180° (since the principal value of arccot is contai¬ 
ned between 0 and 180°). It is required to find sin y. Let us use the formula 

where out of the two signs only the plus sign is taken (since the angle belongs 
'to the first quadrant). First we have to find cos 9 using the formula 



(thoradical is taken ^with the plus sign only, since 9 belongs to the second quad- 





Sira. Put arcsm ^-— j = <p, hence sin <p =-. ThlJ aDgle 9 is j 

the interval between —90* and O’ (since the principal value of arcsin is cot 
tained between -90* and +90°). It is required to find sin-i-. This valu 






Then proceed as in the preceding problem. 


(3 + 2V2)-J^- 

= l + < 3 + 2 V2l VT 


Note. To prove that the angle a — (J is just equal to , i.e. to 45° .{but not 
d?»^t 0r k° -“-135° and so on) we can make use of the corresponding tables to find 
recuy the angles a and fi. Here we may confine ourselves to rough approxima¬ 
tes (for instance, taking into account only degrees). Thus, putting y2 & 1.4, 
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not exceed i-j. In the 
about 35° | the error is 
differ from 45° by more 
915. Put 


same way we find j) a arctan 0.7, which corresponds to 
a priori less than J. Consequently, a—ji does not 
than 1°, and, hence, is exactly equal to 45°. 



yg+i 

21/3 

V6+1 

" 2V3 

belongs to the first quadrant **. It is required 
Find sin (a—P), but first compute 


=/l 4 ndC 0 Sfl== -wr- 


Either of the angles a and 3 


sin p=Vf —cos^p 

(each radical is taken only with the plus sign, since a and p belong to the 
first quadrant). We find 

sina=-ji=- and sinp=|/^i^ 

1 V6+1 ,/T t/ 5-2V0 

= V6+i_Vi. Kirrj7!i 


Let us prove that the found irrational expression is equal to 4- • To this end 

transform the “double irrationality” j/5—2"l/6 = K5—V24. It can be per¬ 
formed with the aid of the formula 


va-vb=-^ a+ v^- b --^ a - V#-B 


introducing auxiliary quantities a 
ote to the preceding problem, 
tween 0 and n. 



Chapter XIII . 


Trigonometric Functions 


5, B —24); we obtain 


1^5-21/6 = K(V3- V2) s = 1/3 -1/2 « 

Since either of the angles a and P lies within the interval between 0 and ~ 
the angle a —|$ undoubtedly lies within the interval from —to 
then from the equality sin (a—0)=y it follows that <x —p = -|-, wbic 
completes the proof **. 

916. Let (see the two previous problems) 


si„(a + P) = T . 1 3+ T .-^ = ^ and = 

Both angles a and p belong to the first quadrant; therefore the angle a-i-ii 
ties hotnuion n* 4Q 0°, and sinco cos(cH-fj) is positive, a-f-{l belongs to 


MH- 


The number 'J/3—V2 is positive. 

If cos (a —Jl) is computed instead of sin (a — 0), we would find 
cos (a — p) between — ^ and + •— we would have two values of « p, 

namely, — iL an( i -f fL; therefore we would have first to establish that a > p, 
ie * that cos a < cos p. 
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Therefore, a + (i and — — y may differ only by 2nn, and sinco y — y also 
belongs to the first quadrant, we have n = 0. Consequently, a , p=. y - y, 
i.e. a-f-P-rY—y which completes the proof. 

917. We have arccos y=y; let us denote arccos ( “ y) by (5, so that 
cos jS= —y. The angle p is contained between y and n (see the three pre¬ 
vious problems). Tberefore 

sinP=+/f-(l) i! [but not —j/ 1-(|)*]. 

smg=i.ys 

We find 

cos (y+p[=cosycosP-sinysinP= 

Vi.I y3 = _«. 

To prove tbe validity of the given identity we have to make sure that the 
angle y + P belongs to the second quadrant [since the angle arccos 
in the right member lies in the second quadrant j. The angle p = arccos | 
is contained between y and Jt; consequently, the angle y+p lies between 
— and y■. But it does not, however, follow from this estimate that the 
angle y + P belongs to the second quadrant (since the angle — is already 
found in the third quadrant j . But taken into account that —•[•> —y and 
that, consequently, arccos ( -i) <arccos ( -1) , i.e. arccos ( -y) < 
<X > it follows that y+arccos ( -y) <n. And since this angle is more 
than , it lies in the second quadrant. Hence, the given identity is proved. 

Note. The fact that the angle -—-fP belongs to the second (and not to 











This equality is true if and only if 

arctan tan (9 — 45°) = 9 — 45° (6) 

And the equality (6) holds true when the angle 9 — 45° (the principal value of 
arctangent) lies within the following interval: 

—90° < 9 _ 45° < 90°, (7) 

—45° < 9 < 135° (8) 

Taking into consideration (3), we get a more narrow interval for the angle 
-45° < 9 < 90° (9) 

From (2) and (9) we find 


Conversely, for~> — 1 the angle 9 satisfies inequality (9). Consequently, 
the given equation has a solution (* = 1) for 1. For 1 there is 

00 solution. 

For example, at a=—V3, 6=1 we have 


926. Let us take cosines of both members of the equation. V 
«4* (see Problem 924). This equation has only one root 2 = 
It. The angle a = arcsin 3z = arcsin belongs to the fir; 
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